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ABSTRACT 
T h i s work d e s c r i b e s a s e r i e s of e x p e r i m e n t s p e r -
formed to make an a c c u r a t e d e t e r m i n a t i o n of the d i f f e r -
e n t i a l momentum spectrum of cosmic r a y muons a t ground 
l e v e l i n the momentum range 0.3<p<10 GeV/c. The r e s u l t s 
of measurements on 192,090 s i n g l e p a r t i c l e s p a s s i n g 
through the Durham Cosmic Ray S p e c t r o g r a p h a r e g i v e n . 
The b i a s r e s u l t i n g from r e j e c t i o n of m u l t i p l e e v e n t s 
has been i n v e s t i g a t e d from 5988 such e v e n t s r e c o r d e d 
and a c o r r e c t e d spectrum d e r i v e d . 
The spectrum i s use d to d e r i v e i n f o r m a t i o n , about 
n u c l e a r p r o c e s s e s a t h i g h energy. I n p a r t i c u l a r , an 
a c c u r a t e d e t e r m i n a t i o n i s made of the g e n e r a t i o n s p e c -
trum of cosmic r a y pi o n s i n the atmosphere. I t i s 
found t h a t the i n t e n s i t y of p i o n s , iCp^.), of momentum 
p ^ may be r e p r e s e n t e d by an e q u a t i o n of the form:-
l ( p < ) d l V ° A p^."^ dps,,, 
where J * 2.64, and A i s c o n s t a n t f o r p^- above 4 GeV/c, 
and i s g i v e n by the e x p r e s s i o n 
. (V< ) 0.712 
A •- 1.82.10"* \ / 4 / 
f o r p ^ l e s s than 4 GeV/c. 
The r a t i o of p o s i t i v e to n e g a t i v e muons i s used to 
examine the m u l t i p l i c i t y of g e n e r a t i o n of charged p i o n s . 
J 
2. 
The s e a - l e v e l spectrum has a l s o been used to d e r i v e 
the e x p e c t e d underground d e p t h - i n t e n s i t y r e l a t i o n - t h i s 
i s found to be i n good agreement, w i t h t h a t d i r e c t l y 
measured, i n d i c a t i n g t h a t the assumed form of energy 
l o s s of muons i s c o r r e c t . 
PREFACE 
T h i s t h e s i s d e s c r i b e s the a c c u r a t e measurement and 
i n t e r p r e t a t i o n of the momentum spectrum of cosmic r a y 
muons a t Durham, 198 f e e t above s e a l e v e l . 
The work d e s c r i b e d was performed between October, 
1958 and J u l y , 1961 under the d i r e c t i o n of Dr. A.W. 
Wo l f e n d a l e . Some of the i n i t i a l d a t a f o r the muon 
spectrum were c o l l e c t e d by p r e v i o u s members of the 
Magnet Group: acknowledgment i s made to t h e i r work, 
where a p p r o p r i a t e , i n the t e x t . The remainder of the 
d a t a , a l l the a n a l y s i s and i n t e r p r e t a t i o n , and the st u d y 
of b i a s e f f e c t s on the spectrum were the s o l e r e s p o n s -
i b i l i t y of the a u t h o r . 
P a r t of the xfork has been p u b l i s h e d by the au t h o r 
and h i s c o l l e a g u e s (Ashton e t a l , 19&0) and ano t h e r p a r t 
was p r e s e n t e d by the .aithor a t the Glasgow Conference on 
N u c l e a r P h y s i c s , ( 1 9 6 0 ) . 
4. 
Chapter 1. 
I n t r o d u c t i o n 
1.1. G e n e r a l 
The cosmic r a d i a t i o n r e a c h i n g ground l e v e l c o n s i s t s 
of two main t y p e s of p a r t i c l e - e l e c t r o n s , from i n t e r a c -
t i o n of h i g h energy photons (produced by decay of n e u t r a l 
p i o n s ) , termed the ' s o f t ' component; and mesons, t o g e t h e r 
w i t h a s m a l l f r a c t i o n of n u c l e o n s , termed the 'hard' 
component. T h i s work d e a l s s o l e l y w i t h the l a t t e r , the 
main i n t e r e s t b e i n g measurement and i n t e r p r e t a t i o n of the 
ground l e v e l muon f l u x a t Durham, 198 f e e t above s e a -
l e v e l . T h i s i s to a l l p r a c t i c a l purposes and i n t e n t s s e a -
l e v e l so f a r as i n t e n s i t y and p r o p a g a t i o n t h e o r y arff con-
c e r n e d , and the term ' s e a - l e v e l ' w i l l be used i n the 
f o l l o w i n g t e x t . 
Many p r e v i o u s e x p e r i m e n t s i n v e s t i g a t i n g the number 
and momenta of cosmic r a y muons a t s e a - l e v e l have y i e l d e d 
a number of d i f f e r e n t i a l muon s p e c t r a - s e e , f o r example, 
Wi l s o n ( 1 9 4 6 ) ; R o s s i ( 1 9 4 8 ) ; G l a s e r e t a l ( 1 9 5 0 ) ; Caro e t 
a l ( l 9 5 l ) ; Owen and Wilson ( 1 9 5 5 ) ; Pine e t a l ( 1 9 5 9 ) ; 
A l l k o f e r ( 1 9 6 0 ) . With the e x c e p t i o n of the work of P i n e 
e t a l , the number of e v e n t s measured has been l i m i t e d by 
the time t a k e n f o r a n a l y s i s of each e v e n t . I n the p r e s e n t 
work, and t h a t of P i n e e t a l , s e m i - a u t o m a t i c or f u l l y -
a u t o m a t i c e l e c t r o n i c r e d u c t i o n of d a t a has e n a b l e d a 
5. 
g r e a t e r number of e v e n t s to be measured i n a r e a s o n a b l e 
time. A d e t a i l e d r e v i e w of p r e v i o u s work i s g i v e n i n 
Chapter 2. 
The l i f e h i s t o r y of the muons r e a c h i n g ground l e v e l 
may be b r i e f l y summarised. The o r i g i n of cosmic r a y s i s 
s t i l l not c l e a r l y d e f i n e d , but t h e o r i e s put f o r w a r d by 
Fermi (1949 and 1954), M o r r i s o n e t a l (1954), Fan (1955) 
and M o r r i s o n ( l 9 5 7 ) , would appear to e x p l a i n the a c c e l e r a -
t i o n to h i g h e n e r g i e s , w i t h i n the u n i v e r s e , of n u c l e a r 
p a r t i c l e s , u s u a l l y p r o t o n s . I t I s l i k e l y t h a t t h e s e a r e 
r e l e a s e d from hot s t a r s under c e r t a i n c i r c u m s t a n c e s and 
a s t u d y of shock waves i n s t a r s and t h e i r e f f e c t has been 
made by H a z e l h u r s t and Sarg e n t (1958). Work s u p p o r t i n g 
t h i s t h e o r y and t h a t of the d i f f u s i o n of such p a r t i c l e s 
through space has been g i v e n by P o w e l l (1960). A compari-
son between the c o m p o s i t i o n of the pr i m a r y cosmic r a d i a -
t i o n and t h a t of the g e n e r a l m a t t e r of the u n i v e r s e i s 
reproduced i n F i g . 1.1.1. The s i m i l a r i t y i s c l e a r . 
A l s o s u p p o r t i n g t h e s e t h e o r i e s i s the f a c t t h a t 
when s u n s p o t s connected w i t h s o l a r e m i s s i o n s o c c u r , a 
d e c r e a s e i n the i n t e n s i t y of low energy cosmic r a y s i s 
ob s e r v e d . ( P a r k e r , 1957, 1958). 
Upon r e a c h i n g the top; of the e a r t h ' s atmosphere, 
the e n e r g e t i c p r i m a r y cosmic r a y s i n t e r a c t w i t h one or 
o t h e r c o n s t i t u e n t n u c l e o n s of an a i r m o l e c u l e to produce 
I I 
Cr • 
id f 
Ml 
6B 
I 
o <——— — —J- 1 • 
1 3 K> B SO 23 30 
NUCLEAR CHARGE, Z 
Relative abundances of different elements in the primary 
cosmic radiation and in the general matter of the universe. 
Results Fur cosmic radiation are shown by lull circles: Tor ihe general mailer of 
the universe, open circles, lhe two distributions being normalized to hydrogen anrl 
helium. The crucial points of difference are the appreciable abundance or lithium, 
beryllium and boron, and Ihe over-abundance of nickel, iron and other neighbouring 
elements, in cosmic radiation. 
FIG. J . I . I . Composition of the r'rimary cosmic 
Radiation r e l a t i v e to general matter 
of the Universe. A f t e r POWELL, 1960. 
6. 
p i o u s . These i n t u r n decay ( o r i n t e r a c t and decay i n 
the c a s e of those of h i g h e r e n e r g i e s ) to muons, which 
a r e o b s e r v e d a t ground l e v e l . The whole p r o c e s s i s 
shown s c h e m a t i c a l l y i n F i g . 1.1.2. 
1.2. P r e s e n t Work 
I n the momentum range chosen f o r d e t a i l e d s t u d y , 
c o m p e t i t i o n between i n t e r a c t i o n and decay of the: s e c o n -
dary p i o n s g i v i n g r i s e to the s e a - l e v e l spectrum i s 
g r e a t l y b i a s s e d towards decay, i n t e r a c t i o n only becoming 
i m p o r t a n t a t momenta above 20 GeV/c. I t i s t h e r e f o r e 
p o s s i b l e to e v a l u a t e a c c u r a t e l y the pion spectrum from 
c o n s i d e r a t i o n s of muon s u r v i v a l p r o b a b i l i t y , momentum 
l o s s , and o t h e r (minor) f a c t o r s . T h i s . h a s been done. 
F u r t h e r , i t i s p o s s i b l e , from a knowledge of the p r i m a r y 
spec-trum, to i n v e s t i g a t e the m u l t i p l i c i t y of thfe primary 
i n t e r a c t i o n s . T h i s i s d e s c r i b e d i n the l a t e r s e c t i o n of 
t h i s t h e s i s ( C h a p t e r 8 ) . 
Measurements were performed on 192,090 s i n g l e 
e v e n t s , V i . e . e v e n t s where o n l y one c o u n t e r a t each of 
the m e a s u r i n g l e v e l s was d i s c h a r g e d ) u s i n g a t e c h n i q u e 
of s e m i - a u t o m a t i c a n a l y s i s , and an a c c u r a t e d i f f e r e n t i a l 
momentum spectrum has been d e r i v e d fir muons a t s e a - l e v e l . 
Generation - c o l l i s i o n s of 
supernovue and s t e l l a r emissions 
G a l a c t i c Magnetic F i e l d 
HI 
Solar Emissions 
Sun's Magnetic F i e l d 
Geomagnetic C u t - o f f 
Below Give* Primary Momentum r *- Neutr a l 
4 
I o n i z i n g S 
1 Atmosphere A 
7 /IT/7 Earth //  
FIG. 1.1.2. Schematic Flowsheet of the L i f e H i s t o r y of 
Cosmic Rays 
P o s s i b l e b i a s e f f e c t s have been examined from 
o b s e r v a t i o n of a l a r g e number of m u l t i p l e e v e n t s , 
( i . e . e v e n t s where two or more p a r t i c l e s were r e c o r d e d 
s i m u l t a n e o u s l y by a t l e a s t one of the c o u n t e r m e a s u r i n g 
l e v e l s of the Durham i n s t r u m e n t ) and measurement of 
some of these; has g i v e n an e s t i m a t e of the i n a c c u r a c y of 
s p e c t r a from which such m u l t i p l e events have been e x c l u d e d . 
I t h a s not proved p o s s i b l e to s t u d y the b i a s due: to 
showers of h i g h d e n s i t y where many p a r t i c l e s t r a v e r s e the 
i n s t r u m e n t . 
The p a r t i c l e s i n i t i a t i n g t h e s e e v e n t s w i l l have 
momenta w e l l above 20 GeV/c and thus i t seems l i k e l y t h a t 
many of the secondary p a r t i c l e s w i l l have momenta o u t s i d e 
the range of the p r e s e n t work.. 
The d i f f e r e n t i a l muon spectrum o b t a i n e d has been 
used to g i v e an i n t e g r a l momentum spectrum and a range 
spectrum. C o n c l u s i o n s a r e drawn about the r a t e of energy 
l o s s of muons from a comparison of the range spectrum 
w i t h the underground d e p t h - i n t e n s i t y c u r v e . 
F i n a l l y , the p r e s e n t r e s u l t s and t h o s e o b t a i n e d by 
o t h e r workers u s i n g o t h e r t e c h n i q u e s , i n p a r t i c u l a r the 
e m u l s i o n t e c h n i q u e , a r e compared and c o n c l u s i o n s drawn. 
8. 
Chapter 2. 
P r e v i o u s Measurements of the Muon Spectrum a t Sea L e v e l 
2.1. P r i n c i p l e s 
From the time when i t became e v i d e n t t h a t cosmic 
r a y s have e n e r g i e s l a r g e compared w i t h p r e v i o u s l y known 
p a r t i c l e s , t h r e e modes of momentum or energy measurement 
have been u s e d . 
The f i r s t i s t h a t of o b s e r v a t i o n of a b s o r p t i o n a f t e r 
t r a v e r s a l of a l a r g e mass of m a t e r i a l , such as rock or 
wat e r . The c o u n t i n g r a t e of a d e t e c t o r i s measured as a 
f u n c t i o n of depth, and the energy spectrum i s determined 
from a knowledge of the r e l a t i o n between energy and range 
( T h i s w i l l be d e s c r i b e d a t g r e a t e r l e n g t h i n Chapter 9 ) * 
The second method i s t h a t of s c a t t e r i n g a r i s i n g from 
c l o s e e n c o u n t e r s between p a r t i c l e s and n u c l e i . The 
q u a n t i t y determined i s the product of momentum and 
V e l o c i t y (p^S) which r e d u c e s to momentum a t the h i g h 
v e l o c i t i e s (jS*'l) under d i s c u s s i o n . The s c a t t e r i n g can 
be measured u s i n g e i t h e r a m u l t i p l a t e c l o u d chamber or 
n u c l e a r e m u l s i o n . I n p r a c t i c e t h i s method i s l i m i t e d to 
measurement of low momenta (45 GeV/c) due to the p r e s e n c e 
of v a r i o u s n o i s e e f f e c t s . See, f o r example, Nash and 
P o i n t o n , 1956, f o r d e t a i l s of an approximate measurement 
of the underground momentum spectrum u s i n g t h i s p r i n c i p l e . 
9. 
A much more r e l i a b l e method of measuring the 
momentum of s i n g l e charged p a r t i c l e s i s t o measure 
the d e f l e c t i o n from a s t r a i g h t l i n e t r a j e c t o r y under-
gone on pa s s i n g through a r e g i o n of magnetic f i e l d . 
I n s t r u m e n t s u s i n g t h i s p r i n c i p l e are termed 'magnetic 
s p e c t r o g r a p h s ' - t h i s work d e s c r i b e s the a p p l i c a t i o n of 
such an i n s t r u m e n t . 
2.2. P r e v i o u s Magnetic Measurements a t Sea Level 
Previous work u s i n g magnetic spectrographs has been 
performed by Caro e t a l ( 1 9 5 1 ) ; Glaser e;t a l ( 1 9 5 0 ) ; 
Owen and Wilson ( 1 9 5 5 ) ; Pine e t a l (1 9 5 9 ) ; and A l l k o f e r 
(19591 1960). A review of the methods used and the: 
r e s u l t s o b t a i n e d by these workers f o l l o w s . A t a b l e of 
the i m p o r t a n t p r o p e r t i e s of these i n s t r u m e n t s and t h e i r 
use i s g i v e n i n Table 2-2-1. 
Caro e t a l (1951) used the i n s t r u m e i i t ; 3 h o w n i n 
F i g . 2.2.1, d e t e c t i o n b e i n g by means of g e i g e r c o u n t e r s 
a t a s e r i e s of 'measuring l e v e l s ' . Recording of the 
t r a c k s was semi-automatic by means of a punched c a r d 
system. A n a l y s i s of the punched cards was somewhat 
slow, as e l e c t r o n i c computers-were n o t then a v a i l a b l e 
The accepted f l u x was a l s o low, hence the r a t e of c o l l e c -
t i o n of data was n e c e s s a r i l y low. The r e s u l t s are r e p r o -
duced i n F i g . 2.2.2. - a l l m u l t i p l e e v e n t s , ( i . e . events 
where two or more c o u n t e r s i n any one measuring l a y e r were 
10. 
J 
Worker(s) Date C o l l e c t i n g Power 
[ s t e r a d cm ) 
l l . d. m. 
GeV/c 
(Prob-
able 
e r r o r ] 
No. of 
events 
M a t e r i a l 
above 
I n s t r u -
ment 
Measuring 
D e t e c t o r 
Caro e t a l 1950 0.69* 9 0 s 6,023 <lg.cm G.M. 
Glaser e t l g 5 0 0.082 5 0 s 1,547 NIL G.M.; C.C. 
Owen & I Q C C 
Wilson 1 9 5 5 0.93 31 60,000 NIL G.M. 
Rogers 1957 0.93 356 4,566 NIL G.M.; C.C. 
Pin>e e t a l 1959 7.9 260 1,089^ NIL G.M.; C.C. 
A l l k o f e r 1960 - 12* 2,324 NIL S.C. 
Durham group 
( o o u n t e r s ) l 9 6 0 8.0 26.5 192,090 °/2/5.5 
cm of Pb 
G.M. 
(flash-tubes) 196< 3 8.0 
! 
700 3,489 5.5 cm of 
Pb F.T. 
A b b r e v i a t i o n s 
G.M. - G e i g e r - M t l l l e r c o u n t e r s 
C.C. - Cloud Chambers 
S.C. - Spark Counters 
P.T. - Flash Tubes 
Value e s t i m a t e d by the author 
/• This i s the number of h i g h energy p a r t i c l e s 
o n l y , measured w i t h & c l o u d chamber t e c h n i q u e . 
Table 2-2-1. 
T P * • A 
T P * * 1 ^boooood 
ocnoo T R A Y 3 
J O CM. 
A I R G A P O F E L E C T R O M A G N E T 
4 9 CM. 
•CD T R A V C 
i«»> • »<XXXXXXXXXXXXXXCO 
38 CM. 
1 IO CM. 
FIG. 2.2.1. The Spectrograph of CARO e t a l , 1950. 
(the Melbourne spectrograph). 
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FIG. 2.2.2. The Spectrum of CARO et a l , 1950, 
(dashed l i n e ) , w i t h t h a t of ROSSI, J948 
( f u l l l i n e ) f o r comparison. 
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d i s c h a r g e d ) were r e j e c t e d (Rathgeber, 1960). 
Glase-r e t a l used c l o u d chambers as an a l t e r n a t i v e 
t o g e i g e r c o u n t e r s a t the measuring l e v e l s . This 
reduced the u n c e r t a i n t y i n l o c a t i o n of the p a r t i c l e 
t r a c k from the diameter of a g e i g e r counter t o the 
e f f e c t i v e diameter of the column of condensation drops 
a f t e r d r i f t and m o b i l i t y have been c o n s i d e r e d - e.g. as 
discussed by L l o y d and W o l f e n d a l e , ( l 9 5 5 ) • A disadvantage 
of t h i s i n s t r u m e n t was the l o n g dead—time a f t e r each 
o b s e r v a t i o n ( a p p r o x i m a t e l y 4 minutes) due t o r e - c y c l i n g 
and c l e a r i n g of the c l o u d chambers. (Recent developments 
i n the overcompression technique have reduced t h i s time -
French, 1959). The spe c t r o g r a p h i s shown i n F i g . 2.2 . 3 
and r e s u l t s i n F i g . 2 . 2 . 4 . Rodgers (1957) and the l a t t e r 
s e c t i o n of the paper by Pine et a l (1959) d e s c r i b e v a r i a -
t i o n s on t h i s t e c h n i q u e . 
Owen and Wilson (1955) used a magnetic s p e c t r o g r a p h 
w i t h a much l a r g e r accepted f l u x ( F i g . 2.2.5.). Each 
counter was connected t o a hodoscope- c i r c u i t and a photo-
g r a p h i c r e c o r d made when a p a r t i c l e t r a v e r s e d a l l 
measuring l e v e l s . The mode of d e f l e c t i o n measurement i s 
shown i n F i g . 2.2.6. Only s i n g l e events were f u l l y 
a n a l y s e d , and the spectrum of these i s shown i n F i g . 2.2.7. 
8 8 8 -WUI31NI (OB 01 MM !111»l»M-« 
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a5 If) 
I I <0 
5 ° 60 • 
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F I G . '_' . l i .5 . ."I.c W i n c h e s t e r Spec trogrnp l : , us userl by 
OWEN and WILSON. RODGERS e t a l (1957) 
rulilc-tl three f l a t <:lou<i chambers a d j a c e n t 
to ouch counter t r u y . 
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FIG. 2.2.6. The P r i n c i p l e of P a r t i c l e D e f l e c t i o n 
Measurement of the Manchester Spectrograph. 
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FIG. 2.2.7. The sea-level spectrum of Muons measured a t 
Manchester by OWEN and WILSON (1955) and 
extended by RODGERS (1957). 
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One g r e a t drawback of t h i s i n s t r u m e n t was the tedium of 
r e d u c i n g hodoscope r e s u l t s . The maximum d e t e c t a b l e 
momentum was l e s s than w i t h Caro's i n s t r u m e n t s i n c e o n l y 
one l a y e r of g e i g e r counters was used a t each measuring 
l e v e l . 
The i n s t r u m e n t s of Pine e t a l ( F i g s . 2.2.8., 2.2.9.) 
and the Durham group are somewhat s i m i l a r t o t h a t of Owen 
and W i l s o n , except t h a t o n l y one electromagnet i s used. 
The l a t t e r mentioned i n s t r u m e n t w i l l be d e s c r i b e d i n the 
n e x t Chapter. 
The most r e c e n t work i s t h a t of A l l k o f e r (1959 and 
1960) ( F i g s . 2.2.10 and 2.2.11.). This i s n ot p a r t i c u l a r l y 
a c c u r a t e s i n c e the s t a t i s t i c a l accuracy i s low, but I s 
unique i n t h a t spark c o u n t e r s were used f o r p a r t i c l e 
d e t e c t i o n and measurement. 
2.3- Comparison of the: Previous Measurements 
The measurements of Caro e t a l and Owen and Wilson 
do not agree - Ashton (1959) has shown t h e i r p r o b a b i l i t y 
of b e i n g c o n s i s t e n t i s l e s s than 1$. One of the purposes 
of the p r e s e n t work was t o r e s o l v e t h i s d i f f e r e n c e , s i n c e 
an a c c u r a t e measurement of the sea l e v e l f l u x i s needed 
as i n i t i a l d a t a i n o t h e r cosmic-ray i n v e s t i g a t i o n s . The 
s p e c t r a of Caro and Owen and Wilson are p l o t t e d on the 
same s c a l e i n F i g . 2.2.12, and a comparison, due t o 
•J \ 
I ' l l ! ; I ' . ' . ; I \ \ i i u o t i i i . i H h i ' l i t h i t 
m i l i i . s s r l n l i l \ . ! ' '<•! ' i h n i l i . ( i l l c n l l l i c 
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s l m w n i n I In - l - ' i i ; I I l ' ' " - A U u i v n i n w i l ; i | i ' 
I L I I T i i f u i i i ' M i l l - : 1 1 1 1 1 | i i ) l i ' I . 1 1 C . : i i n l m i l ' 
i i t n n i l i ' ^ n l i I n ' i n . ' i i r n i ' i . ' t i n ' . - I n i 1 <-;i<1111!_r 
| o I h i ' < i - i 1 1 e l ' n l ' I I n - 111:itr11<• t i<• l i i ' l i l i . - . 
l i n e d f u r i l l i i i n i i i M t i i i i i : i n i l | i l m l u ^ n i ] i l i y 
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i 
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FIG. 2.2.6 The Spectrograph of Pine et a l , 1959. 
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P,i «tc. are spark counters used both to 
detect and to record particles« GJBi 
etc. are geiger counters, collectively 
hodoscoped to signify tracks not passing 
through the hoBOgeneoea region of aag~ 
netic f i e l d . Such records ere rejected. 
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FIG. 2.2.11. Co-ordinates of the Spectrum of 
ALLKOFER, 1960, measured using 8park 
Counters, w i t h the curve of OWEN and 
WILSON. 
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Rodgers, who extended Owen and Wilson's work, i n 
F i g . 2.2.13. I t i s b e l i e v e d t h a t t h i s comparison may 
be based on o t h e r than the p u b l i s h e d p o i n t s of Caro e t 
a l . 
13 
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Chapter 3. 
The Durham Spectrograph 
3*1. g e n e r a l Features 
This i n s t r u m e n t uses one of the two electromagnets 
of the Manchester Spectrograph (Hyams e t a l , 1950) 
arranged t o c o l l e c t a h i g h cosmic r a y f l u x and t o have a 
h i g h r e s o l u t i o n ( F i g . 3.1.1). The r e s o l u t i o n of the 
g e i g e r counter t r a y s A,B,G,C,D (termed the 'G-M system') 
may be i n c r e a s e d by a f a c t o r of a p p r o x i m a t e l y 40 by use 
of stacks of neon f l a s h - t u b e s , 0.72 cm i n diameter- each 
st a c k c o n t a i n i n g 8 l a y e r s (Ashton, 1959). These are 
' t r i g g e r e d ' o n l y when s e l e c t e d events have been recorded 
by the G-M system. Levels A,B,C,D of both types of 
d e t e c t o r form 'measuring l e v e l s ' , and a measurement of 
the p a r t i c l e momentum i s o b t a i n e d from them. ( S e c t i o n s 
3.4 and 3.7). 
Tray G forms a ' l o c a t i o n l e v e l ' and s i m p l y e l i m i -
nates any s c a t t e r e d t r a j e c t o r i e s passing t h r o u g h any 
p a r t of the pole p i e c e s . The g r e a t e r p a r t of t h i s work 
deals w i t h experiments w i t h the G-M system t o measure 
the momentum spectrum, and co r r e s p o n d i n g a n a l y s i s . 
The f l a s h - t u b e s e c t i o n of the i n s t r u m e n t was used 
o n l y t o r e s o l v e more f u l l y events recorded by the G-M 
system as bei n g m u l t i p l e , i . e . two or more d i f f e r e n t 
c o u n t e r s were d i s c h a r g e d a t any one of the measuring 
\rr////////utt/nitnn-mi Lead Absorber mm 
Tray A <wwouuuunnoimuuuoooooooo 
Geiger Counter 
Trays 
Tray B 
Magnetic 
field ' 
Tray C 
FIG. 3.1.1. Scale Drawing 
of the Durham Spectrograph 
SO cm. 
Tray D nnnnnnnmiiuunnnnii imjuuuui I . i 
Front elevation Side elevation 
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l e v e l s . The I n s t r u m e n t has the p r o p e r t i e s a l r e a d y 
d e t a i l e d i n Table 2-2-1. 
3.2. The Electromagnet 
The electromagnet has a l r e a d y been d e s c r i b e d by 
Hyams e t a l , 195*0, and w i l l not be d e s c r i b e d i n d e t a i l 
here. The l i n e i n t e g r a l of f l u x over d i s t a n c e , y * H . d l , 
a c t i v e upon a charged p a r t i c l e t r a v e r s i n g the gap, was 
determined by two independent methods, one u s i n g hanging 
w i r e s , performed by Mr. M. Gardener, the o t h e r u s i n g a 
search c o i l , performed by Dr. J.L. L l o y d . The two agree 
r 
c l o s e l y - the r e s u l t a n t p l o t of j H . d l versus c u r r e n t due 
to L l o y d (adopted here) b e i n g shown i n F i g . 3.2.1. 
3.3. The D e t e c t i n g System 
The g e i g e r counters are c o m m e r c i a l l y manufactured 
types ( 2 0 t h Century E l e c t r o n i c s ) arranged as shown ( F i g . 
3.1.1.). They c o n s i s t of g l a s s t u b i n g , 3.6 cm i n d i a -
meter, w i t h a carbon c o a t i n g i n s i d e f o r m i n g the cathode, 
and a w i r e anode. The gas f i l l i n g i s of the s e l f -
quenching t y p e , though t o reduce the dead time of the 
i n s t r u m e n t the d i s c h a r g e i s quenched by means of 
e l e c t r o n i c quenching u n i t s a t t a c h e d t o each c o u n t e r . 
The counter spacing w i t h i n the t r a y s i s 3.82 cm. A 
f i f t h l a y e r of Geiger c o u n t e r s , t r a y G, l o c a t e d between 
the magnet pole pieces ensured t h a t o n l y p a r t i c l e s were 
accepted which t r a v e r s e d the a i r between the magnet pole 
pieces and were not s c a t t e r e d by the magnet s t r u c t u r e . 
Line Integral of Magnetic F i e l d , r M . r f i . 
Qouss-cmj 
l-O 
1—> 
20 30 40 SO 60 70 
Magnet current * amps 
FIG. 3.2.1. Variation of the Line Integral of Magnetic f i e l d with nagnet 
current 
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3.4. The Recording System and Mode of Momentum Measurement 
Each quenching u n i t i s connected t o one i n p u t of the 
e l e c t r o n i c equipment - d e s c r i b e d i n d e t a i l elsewhere 
(Jones, 1 9 6 l ) - o n l y b r i e f l y d e s c r i b e d here. 
When a c o i n c i d e n c e ( d e t e c t e d by a stand a r d Rossi type-
c i r c u i t ) occurs between any one ( o r more) counters i n each 
of the measuring l e v e l s , a ' c a t e g o r i s e d ' o u t p u t p u l s e i s 
produced, p r o p o r t i o n a l i n ampli t u d e t o the i n v e r s e of the 
p a r t i c l e momentum, by a sm a l l analogue computer. This i s 
termed a 'category p u l s e ' , and has one of a s e r i e s of 
al l o w e d v a l u e s of a m p l i t u d e c o r r e s p o n d i n g t o d i f f e r e n t 
c o n f i g u r a t i o n s of cou n t e r s t r i g g e r e d . I n e f f e c t , each 
g e i g e r c o u n t e r i s assigned a number c o r r e s p o n d i n g t o the 
d i s t a n c e , i n counter s p a c i n g u n i t s , from a l i n e 1.6 cm 
t o the l e f t of the extreme l e f t - h a n d c ounters i n t r a y s 
A and D. Such numbers are shown i n F i g . 3.4.1. When any 
counter i s t r i g g e r e d , the e l e c t r o n i c c i r c u i t s produce a 
pulse p r o p o r t i o n a l t o i t s number p l u s 6 ( t h e a d d i t i o n of 
'6' b e i n g necessary f o r design reasons) of a p p r o p r i a t e 
p o l a r i t y - t r a y s A and D g i v e p o s i t i v e o u t p u t , t r a y s B and 
C n e g a t i v e o u t p u t . A d d i t i o n of such pulses g i v e s a 
f i n a l c a t e g o r y pulse N, which corresponds t o the combina-
t i o n : -
N * n A f - n D - n B - n Q _ 
2b 
Negative 00Q 10 12 1 i 11 14 IS 16 
7 
Ga Counters 
\ 
\ 
IT Negative 
PIG. 3.4.1. Location of 4 i n the 
case shown Pa r t i c l e Trajectory and 
foraation of Category Pulse 
JL 0®0©0 1.1 16 IS 10 12 14 1 
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By simple geometry N may be shown t o be the displacement 
i n c o u n ter spacing u n i t s over the arm i , i . e . AB or CD 
(e q u a l f o r a l l p r a c t i c a l p u r p o s e s ) , i n counter s p a c i n g 
u n i t s . 
Such ca t e g o r y pulses were recorded i n the p r e s e n t 
work u s i n g a commercial ( P u r z e h i l l ) o s c i l l o s c o p e , and 
photographed. Exposure of each frame of H.F.S. f i l m was 
f o r two minutes, and the face of the cathode r a y tube, 
which c a r r i e d a watch and a s c a l e marked i n c a t e g o r y 
numbers, was recorded on each frame. Timing was by 
means of an e l e c t r o m e c h a n i c a l t i m i n g system and sta n d a r d 
c l o c k . The-films were analysed by p r o j e c t i o n and v i s u a l 
a n a l y s i s , the number of each c a t e g o r y i n which events 
had o c c u r r e d being r e c o r d e d . T y p i c a l r e c o r d s are shown 
i n F i g . 3.4.2. A spread of events about the a c t u a l 
d i v i s i o n s on the s c a l e was observed - however, t h i s r a r e l y 
amounted t o more than o n e = t h i r d of a c a t e g o r y , and i t was 
p o s s i b l e t o a s s i g n events t o t h e i r c o r r e c t c a t e g o r i e s . 
Events of cat e g o r y g r e a t e r than 15, i f v i s i b l e , were 
i g n o r e d . A c o r r e c t i o n f a c t o r f o r p o s s i b l e s u p e r p o s i t i o n 
of events of g i v e n c a t e g o r y d u r i n g the exposure time of 
any frame was a p p l i e d and i s d e t a i l e d i n Chapter 4. The 
i n s t r u m e n t was checked a t 24-hour i n t e r v a l s d u r i n g the 
c o l l e c t i o n of d a t a , E.H.T. and H.T. v o l t a g e s and t o t a l -
c o u n t i n g r a t e s f o r i n d i v i d u a l c o u nter t r a y s were checked 
2=foid coincidences (Used to check alignment between 
pulses and scale) 
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FIG. 3.4.2. Typical Momentum Analyser Records 
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and m a i n t a i n e d w i t h i n t i g h t l i m i t s . 
The r e c o r d i n g system has one f u r t h e r i m p o r t a n t 
c h a r a c t e r i s t i c - a d i s c r i m i n a t o r separates ' m u l t i p l e 
event' p u l s e s and they are e l i m i n a t e d when a s i n g l e 
event spectrum i s r e q u i r e d by m o d u l a t i n g the o s c i l l o -
scope e l e c t r o n beam. The e f f e c t of e x c l u d i n g such 
events was i n v e s t i g a t e d and w i l l be discussed i n 
Chapter 5. 
Category numbers may be co n v e r t e d i n t o c o r r e s -
ponding momenta as f o l l o w s : -
I t i s w e l l known t h a t : -
where p i s the momentum of a charged p a r t i c l e , H i s the 
magnetic f i e l d , ^ i s the r a d i u s of c u r v a t u r e of i t s 
t r a j e c t o r y , and c i s the v e l o c i t y of l i g h t . 
Thus, over any i n c r e m e n t a l l e n g t h d l , and c o r r e s -
ponding a n g u l a r d e f l e c t i o n d{6, 
I f now A,N correspond- to the displacement over.1 arm «C> 
i n cms, and co u n t e r spacing u n i t s , r e s p e c t i v e l y , t h e n : -
p c ( e V ) r 300 H p g a u s s _ c m ) 
pc s 300 H l . d l d3 
or 300 / H, d l pc 
30oWe Hdl pc 
sin c e and 
•e 
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pc . 300 1 x 3.8 / Hdl K' 
or P(GeV/c) * §' ( i ) 
where K1 i s c o n s t a n t , equal t o 300 1 x 3.8 JHdl, f o r 
g i v e n e x c i t i n g c u r r e n t , i . e . g i v e n / H . d l . 
Thus observed values of N may e a s i l y be t r a n s f o r m e d 
i n t o c o r r e s p o n d i n g values of momentum, w i t h c o n s i d e r a t i o n 
of s m a l l c o r r e c t i o n f a c t o r s i n c e r t a i n cases, which w i l l 
be c o n s i d e r e d i n Chapter 4!. 
3*5. Alignment 
The counter t r a y s have been a l i g n e d by a s t r a i g h t -
f o r w a r d method u s i n g a p i u m b l i n e , l a t e r a l l o c a t i o n o f the 
counter t r a y s b e i n g by means of s u i t a b l e s l o t s i n metal 
s t r i p s arranged t o form l o c a t i n g j i g s . The v e r t i c a l 
a l i g n m e n t was. checked by Mr. M. Gardener by p l a c i n g an 
a r t i f i c i a l s c a t t e r e r i n the c e n t r e of the Magnet gap, 
below the gap c o u n t e r s , w i t h no f i e l d , and o b s e r v i n g the 
number of p a r t i c l e s w i t h p o s i t i v e and n e g a t i v e d e f l e c t i o n 
( f r o m c o r r e s p o n d i n g s i g n of cat e g o r y number). These were 
p l o t t e d t o form a h i s t o g r a m , and i t was found t h a t the 
mean o c c u r r i n g was ve r y c l o s e t o zero d e f l e c t i o n , showing 
t h a t the al i g n m e n t was c o r r e c t . 
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3.6. The Nature of P a r t i c l e s Accepted by the I n s t r u m e n t 
I t has a l r e a d y been p o i n t e d out t h a t cosmic r a y s 
c o n s i s t o f a s o f t e l e c t r o n i c component and a hard mesonic 
and n u c l e o n i c component ( S e c t i o n l . l ) . 
I n t h e experiments t o be d e s c r i b e d the i n s t r u m e n t 
has been operated w i t h v a r y i n g t h i c k n e s s e s of l e a d above 
t r a y A. This f i l t e r s out the s o f t component, and a l s o 
a f f e c t s the hard component. From a knowledge of the 
r e l a t i v e i n t e r a c t i o n l e n g t h s of muons, pions and pr o t o n s 
i t can be seen t h a t some of the p i o n and p r o t o n f l u x e s 
w i l l be: f i l t e r e d out b e f o r e r e a c h i n g the i n s t r u m e n t (even 
w i t h no l e a d absorber) due t o the t h i c k n e s s of a b s o r b i n g 
m a t t e r above the magnet, whereas the muon f l u x i s v i r t u a l l y 
u n a f f e c t e d . A l s o , s i n c e the i n t e n s i t y of pions a t momenta 
l e s s t h a n 20 GeV/c i s s m a l l (see Se c t i o n 7.3) o n l y muons 
and p r o t o n s w i l l i n g e n e r a l be reco r d e d . The c o r r e c t i o n 
of the i n t e n s i t i e s of each f o r the a b s o r b i n g m a t e r i a l , and 
the s u b t r a c t i o n o f the p r o t o n component from the muon 
component w i l l be d e a l t w i t h i n Chapter 4. 
3.7.. The FlaBh-Tube Spectrograph 
I t has a l r e a d y been mentioned i n S e c t i o n 3.1. t h a t 
the l i m i t e d r e s o l u t i o n of the g e i g e r c o u n t e r s was extended 
by a d d i t i o n of f l a s h - t u b e s . The c h a r a c t e r i s t i c s of these 
have a l r e a d y been d e s c r i b e d f u l l y . (Gardener e t a l , 1957, 
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Kisdnasamy, 1958, Ashton e t a l , 1958, Ashton, 1959, 
C o x e l l , 1 9 6 l ) . I n the pr e s e n t work the f l a s h tube 
i n s t r u m e n t has been used t o i n v e s t i g a t e the n a t u r e of 
m u l t i p l e events. Pulses c o r r e s p o n d i n g t o such events 
were f e d t o the f l a s h - t u b e t r i g g e r c i r c u i t s and an 8 KV/cm 
pulse a p p l i e d across each l a y e r of f l a s h - t u b e s . Those 
c o n t a i n i n g e l e c t r o n s f l a s h e d , such f l a s h e s b e i n g photo-
graphed on I l f o r d HPS f i l m . A dead time of 2 seconds 
was imposed e l e c t r o n i c a l l y a f t e r passage of a p a r t i c l e 
t o a l l o w d e = i o n i s a t i o n t o take p l a c e , and c y c l i n g of the 
r e c o r d i n g equipment. 
The'films were, analysed by p r o j e c t i o n onto a f u l l 
s i z e diagram of the f l a s h tube assembly and the p o s i t i o n 
of the best l i n e t hrough the observed f l a s h e s r e c o r d e d . 
Measurement was made on a scale marked along t he h o r i -
z o n t a l c e n t r a l a x i s of each t r a y ( F i g . 3.7*1.) - the zero 
of each s c a l e corresponded t o the extreme l e f t hand edge 
of the' f l a s h tube stack and was the l i n e from which the 
d e f l e c t i o n s A, e t c . , were measured. The displacement 
measured over an arm 1^ was o b t a i n e d by c o m b i n a t i o n of 
the f o u r known p o s i t i o n s of the p a r t i c l e t r a c k , t a k i n g 
i n t o account an a r b i t r a r y c o n s t a n t & Q, a l l o w i n g f o r the 
f a c t t h a t the a r b i t r a r y zeros of each t r a y are not 
v e r t i c a l l y a l i g n e d . A . i s equal t o 65.01 tube spacing 
Zero of a l l measurements 
V 
TTypical P a r t i c l e Trajectory 
1 
Tray A. 944 Flash-Tubes 
Tray B. 342 Flash-Tubes 
Magnet Centre 
Tray C. 342 Flesh-Tubes 
Troy 0. 944 Flash-Tubes 
FIG. 3.7.1. The Flash-Tube Spectrograph, 
Simplified, showing Mode of Deflection Measurement. 
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u n i t s (0.80 cm) and has been found by d i r e c t measurement 
from the a l i g n i n g p l u m b l i n e s . 
A i s g i v e n by the e q u a t i o n 
A = (a-b) - ^ i ^ ( c - d ) -4 o, 
over the arm 1 ^ . ( i n the case of the f l a s h - t u b e s p e c t r o -
graph, the arms 1 ^ , 1^ are s u f f i c i e n t l y d i f f e r e n t t o make 
c o r r e c t i o n n e c e s s a r y ) . 
The momentum, p, i s c a l c u l a t e d e x a c t l y as i n the 
case, of the g e i g e r counter d a t a , except t h a t the c o n s t a n t 
K s has a d i f f e r e n t v a l u e . ( E q u a t i o n 3.4(4) ). 
3.8. Magnetic Bias - The Acceptance F u n c t i o n 
I t has a l r e a d y been mentioned i n s e c t i o n 3.4. t h a t 
p a r t i c l e s recorded by the i n s t r u m e n t w i t h i n a g i v e n momen-
tum range ( c o r r e s p o n d i n g t o c a t e g o r i e s 1 t o 15) are 
recorded as a pulse of ampli t u d e p r o p o r t i o n a l t o l / p . 
I t may be seen from F i g . 3.8.1. t h a t the accepted f l u x 
f o r each c a t e g o r y v a r i e s a c c o r d i n g t o the va l u e of the 
p a r t i c u l a r c a t e g o r y , N, f a l l i n g as N i n c r e a s e s . I t i s 
t h e r e f o r e necessary t o e v a l u a t e the r e l a t i v e acceptance 
of those c a t e g o r i e s which w i l l be used i n l a t e r i n v e s -
t i g a t i o n s and t o f o r m u l a t e a s e r i e s of 'acceptance 
f a c t o r s ' , by which the number of events observed i n any 
cate g o r y may be m u l t i p l i e d t o g i v e an e f f e c t i v e accep-
tance equal t o t h a t of the f u l l a p e r t u r e of the i n s t r u -
Tray A 
\ 0 if 
Tray B 
Geigtr Counter 
Trays 
0 i s the angular d e f l e c t i o n 
of category 15, t r a j e c t o r i e s , 
1 and 2 are the l i m i t i n g 
t r a j e c t o r i e s f o r t h i * d e f l e c t i r ; , 
g i v i n g a contained angle 0^m 
6 i s the corresponding angif-o 
contained by p a r t i c l e s of 
category zero. 
FIG. 3.8.1. The V a r i a t i o n of 
Acceptance w i t h Angular 
D e f l e c t i o n , <•>, 
t r a y G 
Tray C 
Tray D 
Front elevation 
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merit. 
I n v e s t i g a t i o n of the r e q u i r e d f u n c t i o n connecting; 
accepted f l u x and category number was undertaken by two 
methods - f i r s t l y u s i n g a geometric s c a l e drawing ( i n 
two dimensions) of the i n s t r u m e n t , and secondly by 
a n a l y t i c a l c o n s i d e r a t i o n s i n v o l v i n g c e r t a i n a p p r o x i m a t i o n s . 
The former i n v o l v e s e x p e r i m e n t a l e r r o r s , the l a t t e r 
e r r o r s of a p p r o x i m a t i o n . The former method of i n v e s t i g a -
t i o n performed by the a u t h o r i s d e s c r i b e d h e r e , d e t a i l s 
of the l a t t e r methods, i n v e s t i g a t e d by o t h e r workers, are 
g i v e n i n a paper i n p r e p a r a t i o n . I n e f f e c t , the problem 
reduces t o t h a t of f i n d i n g the t o t a l s o l i d angle subtended 
t o the cosmic r a y fluxs, as a f u n c t i o n of angular d e f l e c -
t i o n . F u r t h e r , the v a r i a t i o n of acceptance w i t h s m a l l 
change i n a n g u l a r d e f l e c t i o n w i t h i n a g i v e n c a t e g o r y or 
c o n f i g u r a t i o n of c o u n t e r s i s a l s o r e q u i r e d . 
F i r s t l y , the s p e c t r o g r a p h dimensions were o b t a i n e d 
by d i r e c t measurement. The s e n s i t i v e l e n g t h of the gap 
c o u n t e r s was determined by a r a d i o a c t i v e probe method of 
i n v e s t i g a t i n g c o u n t e r e f f i c i e n c y as a f u n c t i o n of p o s i t i o n 
on the c o u n t e r ( F i g . 3.8.2.). The s e n s i t i v e l e n g t h of the 
counter was taken t o be the w i d t h of the r a t e / p o s i t i o n 
curve a t h a l f h e i g h t . Each of the t h r e e gap c o u n t e r s was 
i n v e s t i g a t e d s e p a r a t e l y , and a mean e f f e c t i v e l e n g t h 
o b t a i n e d (25.04 t .10 cm). 
1/1 00 
3 
00 
a. in T A A to 
to 
3 
S 
to 8 
I E t .8 CM 
— i > 
CM 
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From the dimensions an a c c u r a t e s c a l e drawing was 
made of the i n s t r u m e n t i n the east-west p l a n e . Two 
perspex arms, w i t h f i n e datum l i n e s r u l e d a long t h e i r 
c e n t r e s , were mounted i n such a way as:-
(a) t o enable the angle between them to be f i x e d a t 
any g i v e n v a l u e up t o a p p r o x i m a t e l y 16-$-° (Category 15) 
( b ) t o enable the assembly t o be p i v o t e d above the s c a l e 
drawing, i n the same plane. 
The angle swept through by the top arm i s measured 
on a l i n e a r s c a l e . The whole assembly i s shown i n P i g . 
3.8.3. 
The procedure adopted t o determine the accepted f l u x 
f o r any a n g u l a r d e f l e c t i o n ^ was:-
( a ) j$ w a 3 s e t on the two perspex arms. 
( h ) For a g i v e n p o s i t i o n a long a s c a l e marked along the 
gap c o u n t e r a x i s ( t h e arms p i v o t i n g about the magnet a x i s ) , 
the i n t e g r a l ' s e n s i t i v e l e n g t h 1 recorded on the l i n e a r 
s c a l e was found. 1 S e n s i t i v e l e n g t h ' i s d e f i n e d as t h a t 
s e c t i o n of the s c a l e c o r r e s p o n d i n g t o a s i m u l a t e d 
p a r t i c l e t r a j e c t o r y passing through s e n s i t i v e s e c t i o n s 
of one counter i n each of the f o u r measuring t r a y s . 
' S e n s i t i v e ' and ' i n s e n s i t i v e ' angle^©, and c o r r e s p o n d i n g 
s c a l e r e a d i n g s were o b t a i n e d by d i r e c t o b s e r v a t i o n . This 
was repeated f o r s e v e r a l p o s i t i o n s a l o n g the 'G' counter 
a x i s and a graph p l o t t e d of acceptance angle versus 
p o s i t i o n on G. This was i n t e g r a t e d n u m e r i c a l l y t o g i v e 
Linear Scale 
f l u x measured i n 
a r b i t r a r y u n i t s , 
l a t e r converted to 
radian - cm. 
Perspex arms, 
p i v o t i n g about the 
- _ , I _ f . t • ! 
O A 1 3 U ! T . f l C 
counters 
Device to pre-set 
and lock angle 
between arms 
a 
Scale Drawing, of 
geiger counter Tray. 
FIG. 3.8.3. Equipment used f o r Graphical Determination of 
the Acceptance Function. 
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the acceptance of the p a r t i c u l a r c a t e g o r y c o n s i d e r e d , 
( c ) . Procedure ( b ) was repeated f o r a s e r i e s of d i f f e r e n t 
v a l u e s of ^ . The u n i t s were (on the f u l l s c a l e i n s t r u -
ment) cm. r a d i a n u n i t s . By m u l t i p l y i n g the accepted 
f l u x i n the E-W plane by the c o n s t a n t acceptance ( f l u x ) 
i n t h e N-S plane ( o n l y a f u n c t i o n of counter l e n g t h and 
cou n t e r diameter,) the t h r e e - d i m e n s i o n a l accepted f l u x 
was o b t a i n e d . 
From a s e r i e s of i n v e s t i g a t i o n s i n the range -.0198 
< ^ ^ . 0 1 9 8 r a d i a n s an 'elementary f u n c t i o n ' c u r v e , r e l a t i n g 
j> and accepted f l u x w i t h i n any c a t e g o r y , was o b t a i n e d -
t h i s i s shown i n F i g . 3.8.4. 
The median acceptance angle w i t h r e g a r d t o f l u x was 
determined from t h i s 'elementary f u n c t i o n ' curve by 
n u m e r i c a l i n t e g r a t i o n , and was found t o be 0.0073 r a d i a n s . 
This i s a measure of the u n c e r t a i n t y i n a n g u l a r d e f l e c t i o n 
measurements w i t h i n any cat e g o r y - i n the case of c a t e g o r y 
0 the c o r r e s p o n d i n g momentum i s d e f i n e d as the 'maximum 
d e t e c t a b l e momentum'. See Table 2-2-1. 
D e t e r m i n a t i o n of T o t a l Accepted F l u x . 
The v a r i a t i o n w i t h d e f l e c t i o n angle of f l u x accepted 
by any g i v e n s e r i e s of f o u r c o u n t e r s i s g i v e n by the 
f u n c t i o n d e s c r i b e d above. However, the acceptance of 
d i f f e r e n t c o n f i g u r a t i o n s of f o u r c o u n t e r s d e t e c t i n g 
Accepted flux Gty) 
CB. radians 
0-5 
0 03 o-oSf 
0 , Radians 
0 median 
j> •> radians 
FIG. 3.8.4. The Acceptance Function - the 'Blenentary Function' Curve 
26. 
p a r t i c l e s of d i f f e r i n g c a t e g o r y i s not c o n s t a n t . V a r i a -
t i o n i n the accepted f l u x w i t h ^ was i n v e s t i g a t e d by 
L l o y d u s i n g the method shown i n F i g . 3.8.5. R e f e r r i n g 
back to F i g . 3.8.1. i t can be seen t h a t when x : + L, 
? 2 B 0, i . e . the accepted f l u x i s zero. This f a c t has 
been used t o superimpose the acceptance c h a r a c t e r i s t i c s 
f o r t r a y s A, D and B, C taken t o g e t h e r , t a k i n g i n t o 
account any r e l a t i v e s h i f t f o r a g i v e n a n g u l a r d e f l e c -
t i o n j a f t e r which the common area was found by computa-
t i o n . The a c t u a l equations f o r the acceptance charac-
t e r i s t i c l i n e s are g i v e n i n F i g . 3.8.5., and the r e s u l t 
f o r t o t a l acceptance as a f u n c t i o n of angular d e f l e c -
t i o n i s shown i n F i g . 3.8.6* 
C o r r e c t i o n s t o T h e o r e t i c a l Values of Accepted F l u x 
A c o r r e c t i o n t o the a n a l y t i c a l t h e o r y f o r the e f f e c t 
of asymmetry about the magnet a x i s was made by L l o y d , who 
showed t h a t the c o r r e c t i o n t o accepted f l u x f o r t h i s i s 
of the o r d e r of 0.075$ and thus may be n e g l e c t e d . 
Throughout the present work the s m a l l angle a p p r o x i -
mations were assumed t o h o l d . For angles l a r g e r than 
' s m a l l ' ( a p p r o x i m a t e l y g r e a t e r than 10°) L l o y d has shown 
t h a t a f a c t o r cos & e n t e r s i n t o the e x p r e s s i o n f o r the 
accepted f l u x , due t o the e f f e c t i v e change of 'dead-
space' between c o u n t e r s . I n the case of the model an 
1) 
to 
S rl 
s 
"1 <0 
V 
/ 
1—1 
I 
CM \ at 
4) 
i \ 
CO 
in 
a 
4) CM 
M 
Total accepted flux. ca.radian units 
in two diaensions 
8 
O l 02 04 05 
i , rod ions 
FIG. 3.8.8. The Acceptance Function - total Acceptance 
* k . I I M I The 'Envelope Curve 
27. 
e f f e c t i v e 'expansion of f l u x ' occurs due t o the l i n e a r 
s c a l e - a f u r t h e r f a c t o r of cos S. (See F i g . 3.8.7.). 
A c o r r e c t i o n f o r z e n i t h angle v a r i a t i o n i n i n c i d e n t 
i n t e n s i t y was made, f o l l o w i n g the i n v e s t i g a t i o n s of 
Moroney and P a r r y (1954). I t i s assumed t h a t the 
v a r i a t i o n i s g i v e n by:-
I . > I COSm & • S 0 
where m has a mean value of a p p r o x i m a t e l y 1.8. (See 
F i g . 3.8.8.). These small c o r r e c t i o n s were i n c o r p o r a t e d 
i n t o the acceptance c u r v e , and are i n c l u d e d i n the curve 
shown i n F i g . 3.8.6. 
A s m a l l c o r r e c t i o n t o the accepted f l u x a l s o a r i s e s 
due to c u r v a t u r e of the t r a j e c t o r i e s w i t h i n the r e g i o n 
of magnetic f i e l d . The e f f e c t i v e n e i g h t of the f i e l d 
r e g i o n i s taken t o be 53 cm. Reference t o F i g . 3.8.9. 
shows t h a t a p a r t i c l e going along t r a j e c t o r y JRKSL w i l l 
j u s t be recorded i f K i s the a c t u a l end of the gap> 
c o u n t e r , whereas the t r a j e c t o r y RMS, assuming one unique 
plane of d e f l e c t i o n , would n o t be re c o r d e d i n G. The 
e f f e c t i v e l e n g t h e n i n g of the gap counter i s g i v e n by 
KM and may be shown to be:-
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This c o r r e c t i o n was a l s o i n c l u d e d i n the curve 
g i v e n i n F i g . 3.8.6. A f u r t h e r s m a l l c o r r e c t i o n f o r the 
d i f f e r e n c e between RKS, an arc of a c i r c l e and RTS, a 
s t r a i g h t l i n e , has been shown i n Appendix A 3.7.1 t o be 
n e g l i g i b l e . 
3.9- Other I n s t r u m e n t a l C o r r e c t i o n s 
Other f a c t o r s m o d i f y i n g the i n c i d e n t muon spectrum 
b e f o r e o b s e r v a t i o n a r e : -
( i ) Momentum l o s s i n the m a t e r i a l of the i n s t r u m e n t 
i t s e l f . 
( i i ) the f a c t t h a t p r o t o n s are observed as w e l l as 
muons. 
( i i i ) S c a t t e r i n g i n the m a t e r i a l of the i n s t r u m e n t . 
The n a t u r e of these f a c t o r s and a s s o c i a t e d c o r r e c -
t i o n s are d e a l t w i t h f u l l y i n Chapter 4, d e s c r i b i n g 
t r e a t m e n t of the e x p e r i m e n t a l r e s u l t s . 
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Chapter 4. 
A n a l y s i s of S i n g l e Event Data 
4.1. E x p e r i m e n t a l Data and General Scheme 
The way i n which s i n g l e events are recorded u s i n g 
the counter s p e c t r o g r a p h has been d e s c r i b e d i n the 
pr e c e d i n g c h a p t e r . A schematic diagram of the p r o -
cesses i n v o l v e d i n experiments t o o b t a i n b o t h s i n g l e 
and m u l t i p l e ©vent data (Chapter 5) i s g i v e n i n P i g . 
4.1.1. F i v e d i f f e r e n t s e t s of data were o b t a i n e d -
r e f e r r e d t o as Series H, , M2, L I , L I I , r e s p e c t i v e l y . 
The f i r s t t h r e e s e t s were o b t a i n e d by Messrs. M. Gardener 
and D.G. Jones - the l a s t two by the a u t h o r . A l l the 
data were reduced by the author and a t a l a t e r stage o f 
t h e a n a l y s i s the d i f f e r e n t s e r i e s were combined t o g i v e 
a complete spectrum. For each s e r i e s ( c o r r e s p o n d i n g t o 
a g i v e n v a l u e of f i e l d s t r e n g t h ) , data were c o l l e c t e d 
t o g e t h e r and the assembled d e f l e c t i o n s p e c t r a are shown 
i n F i g . 4.1.2. 
Conversion of such r e s u l t s t o a d i f f e r e n t i a l momentum 
spectrum i s s t r a i g h t f o r w a r d , but i n order t o o b t a i n t h e 
p r e c i s e spectrum r e q u i r e d , c o r r e c t i o n s must be a p p l i e d . 
F a r t of the c a l c u l a t i o n s were performed by hand, the 
remainder u s i n g an e l e c t r o n i c computer. A b l o c k diagram 
of the o p e r a t i o n s a n i t h e i r sequence i s g i v e n i n F i g . 
4.1.3. 
Cosmic Ray P a r t i c l e 
Observe F J i y h l through 
Spectrograph 
Record i f 5-ToId Coincidence 
Compute U e f l e c t i o n s of Single 
P a r t i c l e s - Analogue Computer 
Record p h o t o g r a p h i c a l l y 
M u l t i p l e events using 
Flash Tul>c Spectrograph 
Record Pulses p h o t o g r a p h i c a l l y 
J. 
Analyse Recorded Pulses 
Obtain No. i n each Category 
Si 
Convert to *'• omentum Spectrum 
and c o r r e c t 5 
Normalise to Flux obtained 
by Rossi, 1943 
I'lot Spectrum 
r 
P r o j e c t , Analyse i n t o Types 
Measure p o s i t i o n of the one 
P a r t i c l e f u l l y recorded 
Compute p a r t i c l e d e f l e c t i o n s 
2 
Convert D e f l e c t i o n Spectra 
to Momentum Spectra 
NormalIse M u l t i p l e Event 
Spectra t o Single Event 
Spectrum and compare 
Metect any Spectrum Bias 
Hue t o r e j e c t i o n of 
M u l t i p l e Events 
SINGLE EVENTS MULTIPLE EVENTS 
Fi y . 4.1.1. SCHEMATIC DIAGRAM OF SPECTRUM 
DETERMINATION 
number of errata observed 
ID H 
/ \ 
L I T 
/ 10 
LZ \ L I 
/ 10 
o 
30 
1 • • 1 1 L-L> I I I I 
15 10 10 15 Negative Particles Positive Partiolee 
CATEGORY. 
PIft. 4«1*2* Basie Data - the observed defleotion apeotra 
for partieles of different oharge 
{Observation of C.R. Particles 
lAnalyse Pulses (Photographic records) | 
[ f 
fcorrect for Multiple events 
Convert Deflection Spectrum to a series of points on the observed 
momentum spectrum 
Correct f o r Magnetic Bias (Acceptance function) 
Subtract percentage of Protons (from modified Mylroi & Wilson curves) 
X 
Correct i n t e n s i t y for scattering 
Correct i n t e n s i t y and momentum for momentum loss i n the material 
above the magnetic f i e l d centre (by amounts varying f o r each series) 
using Olbert's equation. 
Normalise to i n t e n s i t y given by Rossi, 1946. (2.45 x 10 particles/cm . 
sec. sterad. MeV/c. at 1 GeV/c, 
Combine events fo r which 0,276<p<1.000 GeV/c into 4 equally spaced cells 
on a logarithmic scale. 
P r i n t out a) combined results up to 1 GeV/c. 
single results above 1 GeV/c. 
b) Individual results 
E 
Perform consistency test check. 
Relax momentum spectrum to 'best f i t ' curve, 
(Derive S.L. Integ r a l Momentum Spectrum I 
1 
[Derive S.L. D i f f e r e n t i a l Energy Spectrum| 
FIG. 4.1.3. STEPS IN TREATMENT OF SINGLE EVENT RESULTS. 
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4.2. Consistency of Basic Data 
The c o n s i s t e n c y of the b a s i c data was checked by-
p l o t t i n g the r e s u l t s f i l m by f i l m s e p a r a t e l y , (each 
f i l m b e i n g a p p r o x i m a t e l y 23 hours r u n n i n g t i m e ) , as 
an observed d e f l e c t i o n spectrum a t the gap of the 
i n s t r u m e n t . A t y p i c a l c u r v e ( f o r S e r i e s L i ) i s g i v e n i n 
F i g . 4*2.1. I t can be seen t h a t the l i n e s c o r r e s p o n d i n g 
t o the d e f l e c t i o n spectrum f o r each f i l m are superimposed 
( t o w i t h i n the s t a t i s t i c a l accuracy expected) showing the 
i n s t r u m e n t t o have performed c o n s i s t e n t l y d u r i n g opera-
t i o n t o o b t a i n r e s u l t s f o r m i n g the s e r i e s concerned. The 
r e s u l t s f o r each s e r i e s were found t o be c o n s i s t e n t . 
4.3. C o r r e c t i o n f o r Superimposed Events 
The method of r e c o r d i n g events has a l r e a d y been 
d e s c r i b e d i n Chapter 3, and mention was made of the 
p o s s i b i l i t y of r e c o r d s of more than one event of the same 
ca t e g o r y b e i n g superimposed d u r i n g the r e c o r d i n g i n t e r v a l 
of ( u s u a l l y ) 2 minutes. Records where events were 
p o s s i b l y superimposed were recorded as one event and a 
s t a t i s t i c a l c o r r e c t i o n a p p l i e d t o the. t o t a l observed 
number t o g i v e the a c t u a l number t r a v e r s i n g the i n s t r u -
ment. The r e l a t i o n between the t r u e r a t e E, and the 
observed r a t e r , bo t h per frame, i s g i v e n by: 
R I n ( i ) 
Ro^of observed ©vents. 
w o r 
h5 
\ 
r 
x 
50 
\ t: 
j; 
i 
i 
i 
/ 
w 20 
I . \ 
r 
i \ i 
10 
14 
\ 
h o 
4 > 15 10 10 15 negative Category Ruaber Positive 
. 4.2.1. Teat of eonaistenoy between four typical f i l a s of Series L.I 
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where R, r are bot h much l e s s than 1 , and the number of 
events c o n s i d e r e d i s l a r g e . 
This e q u a t i o n i s o r i g i n a l l y due t o Gardener, and i s 
v e r i f i e d i n Appendix A.4.3.1. C o r r e c t i o n of r e s u l t s was 
performed by manual computation u s i n g data r e c o r d sheets: 
designed f o r s y s t e m a t i c a p p l i c a t i o n of t h i s c o r r e c t i o n . 
4-4. Conversion of D e f l e c t i o n Spectrum t o a Momentum 
Spectrum 
I t has a l r e a d y been shown ( E q u a t i o n 3 . 5 ( i ) ) t h a t 
the momentum c o r r e s p o n d i n g t o a g i v e n c a t e g o r y N i s 
p(GeV/c) * K'/N ( i ) 
I f one now c o n s i d e r s a small c e l l of momentum 
w i d t h £p and c o r r e s p o n d i n g w i d t h TN, th e n : -
Bo, i n c e l l * l ( p ) . £p " I(N).FN 
where l ( p ) , l ( N ) denote c o r r e s p o n d i n g p o i n t s on the 
momentum and d e f l e c t i o n s p e c t r a r e s p e c t i v e l y . 
Thus:- I v p ) » l ( N ) SN/£p, 
or l ( p ) s l ( N ) dN/dp ( i i ) 
as the c e l l s become i n f i n i t e s i m a l l y s m a l l . 
Now, dN/dp may be o b t a i n e d by d i f f e r e n t i a t i o n of 
4 . 3 . ( i ) , and i s g i v e n by: 
dN/dp * - N2/K' 
Hence l ( p ) * l ( N ) X (-N2/K«) ( i i i ) 
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I n t h i s way, each p o i n t on the d e f l e c t i o n spectrum 
may be c o n v e r t e d t o a c o r r e s p o n d i n g p o i n t on the 
momentum spectrum. Values of K' are g i v e n by the 
e q u a t i o n 
and those used here t a b u l a t e d below, t o g e t h e r w i t h o t h e r 
i m p o r t a n t parameters used i n l a t e r c a l c u l a t i o n s . 
A weighted mean value for the magnet c u r r e n t was 
o b t a i n e d by summing the product of number of events and 
c u r r e n t f o r each r u n , then d i v i d i n g by the t o t a l number 
of events. 
The t r e a t m e n t above f o r c o n v e r s i o n of the d e f l e c -
t i o n spectrum t o a momentum spectrum assumes t h a t a l l 
p a r t i c l e s of a g i v e n c a t e g o r y have unique d e f l e c t i o n 
c o r r e s p o n d i n g t o the nominal d e f l e c t i o n of t h a t c a t e g o r y . 
The median o r d i n a t e of the elementary acceptance f u n c t i o n 
c o r r e s p o n d i n g t o any c a t e g o r y i s the nominal d e f l e c t i o n 
f o r t h a t c a t e g o r y i f the i n c i d e n t d e f l e c t i o n spectrum i s 
f l a t . However, t h i s i s not s o : - i n p r a c t i c e the a c t u a l 
d e f l e c t i o n spectrum r i s e s s t e e p l y , then f a l l s o f f expo-
n e n t i a l l y . For l a r g e c a tegory numbers, ^ 3 * the d e f l e c -
t i o n spectrum i s s u f f i c i e n t l y f l a t f o r the d i f f e r e n c e 
between the median and the nominal momenta t o be n e g l i -
g i b l e . Dor c a t e g o r i e s 1 and 2, t h i s d i f f e r e n c e i s not 
s u f f i c i e n t l y s m a l l t o be n e g l e c t e d and a c o r r e c t i o n 
J H d l . G'etf/ 1.51492 
(See Chapiter 3) 
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f a c t o r has been computed and a p p l i e d by West ( l 9 6 l ) . 
4.5>. C o r r e c t i o n f o r Magnetic Bias 
The way i n which c o r r e c t i o n s f o r magnetic b i a s 
a t i s e has been d e t a i l e d i n S e c t i o n 3.7. For ease of 
a p p l i c a t i o n the c o r r e c t i o n s were c o n v e r t e d t o a form 
which, when a p p l i e d t o the observed momentum spectrum, 
gave t h a t f l u x which would have been observed i f the 
i n s t r u m e n t had a co n s t a n t acceptance - t h a t f o r p a r t i c l e s 
of i n f i n i t e momentum. Such a c o r r e c t i o n i s always 
g r e a t e r than u n i t y , i n c r e a s i n g w i t h d e c r e a s i n g momentum. 
The c o r r e c t i o n s d e r i v e d from the accep-.tanee f u n c t i o n 
r e s u l t s are g i v e n i n F i g . 4.5.1. 
I n the case of Seri e s L . I , two of the g e i g e r 
c o u n t e r s i n Tray C were i n o p e r a t i v e . The change i n 
g e o m e t r i c a l c o r r e c t i o n f a c t o r f o r such circumstances was 
o b t a i n e d by f i n d i n g the sum over G of the a l l o w e d angles 
t r a v e r s e d , u s i n g a sca l e drawing and paper j i g r e p r e s e n t -
i n g a t r a j e c t o r y , i n e x a c t l y the same way as i n the 
d e t e r m i n a t i o n o f the acceptance f u n c t i o n . This was done 
w i t h and w i t h o u t the two counters i n q u e s t i o n , and the 
r a t i o ' of summed f l u x e s found f o r f i v e g i v e n acceptance: 
angles. These r a t i o s were a p p l i e d t o the magnetic b i a s 
c o r r e c t i o n f a c t o r s p r e v i o u s l y o b t a i n e d . The f i n a l curve 
f o r S e r i e s L . I i s a l s o shown i n F i g . 4.5.1. 
Correotion 
Faotor A 
/ / 
SERIES L I I , M, H. 
SERIES L I 
8 10 11 12 13 14 15 
Category 
FIG>4£f Correotion Faotor f o r Magnetio Bias. 
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4.6. C o r r e c t i o n f o r Proton Component of Cosmic Rays a t 
Sea-Level. 
An i n v e s t i g a t i o n of the magnitude of the p r o t o n 
component as a f r a c t i o n of the t o t a l h a rd component of 
cosmic rays a t sea l e v e l was p u b l i s h e d by M y l r o i and 
Wilson ( 1 9 5 1 ) . 
I n the p r e s e n t experiments, c e r t a i n runs were 
performed w i t h an a b s o r b i n g l a y e r of l e a d above the 
s p e c t r o g r a p h , (Table 4-4-1) and H y l r o i and Wilson's 
r e s u l t s were m o d i f i e d t o g i v e the p r o t o n spectrum which 
would be observed under the l a y e r s of l e a d a c t u a l l y 
used. This m o d i f i c a t i o n was performed u s i n g v a l u e s f o r 
the - range-momentum r e l a t i o n s h i p g i v e n by Sternheimer 
( I 9 5 9 ) i F i g . 4.6.1. For a g i v e n t h i c k n e s s of l e a d (one 
of the two v a l u e s r e q u i r e d ) c o r r e s p o n d i n g momenta of 
p a r t i c l e s above ( p f i ) and below ( p Q ) the l e a d were 
o b t a i n e d from the range-momentum cur v e . From t h i s 
dp /dp, was a l s o o b t a i n e d ( F i g . 4.6.2.). This i s the a d 
c e l l w i d t h c o r r e c t i o n t o the p r o t o n i n t e n s i t y , as can 
be seen by c o n s i d e r i n g a s m a l l c e l l . L e t I Q , 1 ^ denote 
p r o t o n i n t e n s i t i e s a t c o r r e s p o n d i n g momenta p f t f p^ above 
and below the l e a d . Then, no. i n c e l l 
* I . dp * I v . dp, a r a b b 
T _ T dp„ 
FB0TON BAN&B 
on. ef L«*d 
4 
1000 
100 
10 
I I 0.01 
10 0.01 
MOMENTUM, G«V/o. 
FIG. "T.6,1. Range momentum relationship for Protons 
in Lead, from the work oT STERNH'CIMER, 
1959. 
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This f a c t o r ( d p a / d p ^ ) o n l y accounts f o r i o n i s a t i o n 
l o s s , and f u r t h e r c o r r e c t i o n i s due to the f a c t t h a t , on 
average, o n l y a f r a c t i o n of the p r o t o n s are t r a n s m i t t e d 
through the l e a d w i t h o u t a b s o r p t i o n , (0.67 through 5.5 
cm), (0.87 thr o u g h 2 cm). 
These c o r r e c t i o n s , and the a p p r o p r i a t e momentum, l o s s 
due to the l e a d were a p p l i e d t o M y l r o i and Wilson's 
r e s u l t s , and the r e s u l t i n g percentage p r o t o n s p e c t r a are 
shown i n F i g . 4.6.3. 
A p p r o p r i a t e percentages were s u b t r a c t e d from the •>•• -•, 
momentum spectrum f o r each momentum v a l u e , t o g i v e a 
momentum spectrum of mesons o n l y . 
4.7. C o r r e c t i o n f o r Coulomb S c a t t e r i n g 
Measurement of p a r t i c l e d e f l e c t i o n i s only made i n 
two dimensions, i n a plane mid-way between the magnet 
p o l e - p i e c e s , and t r a n s v e r s e t o the a x i s of the g e i g e r 
c o u n t e r s . This i s commonly termed the ' f r o n t p l a n e ' . 
The plane p a r a l l e l t o both the a x i s of the magnet p o l e 
pieces ( p a s s i n g through t h e i r c e n t r e ) and the a x i s of 
the g e i g e r c o u n t e r s i s termed the 'back p l a n e 1 . 
S c a t t e r i n g of i n c i d e n t mesons occurs i n random d i r e c -
t i o n s , these may be r e s o l v e d i n t o components - o n l y 
t h a t i n the f r o n t plane has any e f f e c t on the accuracy 
of measurement. The l a r g e number of s c a t t e r s i n random 
Parcen-iiiij-re of Protons 
Mylroi ir 951 son i i No Lead 
y 2,0 om of Load 
! , ' p.5 cm of Lead 
See 
ote 
4 
t r & i j o l a t i o n 
0 I 
10 0-1 
7/c ea Level Mo;:.entu oi P r o t o n 
FIG.4.6.3. The Proton Spectrum of M y l r o i and Wilson 
(1951) used i n c o r r e c t i n g f o r p r o t o n i n t e n s i t y . M o d i f i e d 
a f t e r Sternheimer,(1959).Note : t h i s p o i n t i s o r i g i n a l ! 
due t o Rochester' and Bound,1940,but i s p l o t t e d as 
c o r r e c t e d by York,1952. 
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d i r e c t i o n s are p r o j e c t e d by m u l t i p l y i n g by a mean 
p r o j e c t i o n f a c t o r of 1/^2 ( s i n 45°) t o o b t a i n the 
r.m.s. s c a t t e r angle i n the f r o n t plane. ( F o l l o w i n g 
Rossi 1952a). 
The e f f e c t of s c a t t e r i n g i n the f r o n t plane i s t o 
conve r t any i n f i n i t e s i m a l l y s m a l l c e l l of the i n c i d e n t 
d e f l e c t i o n spectrum t o a Gaussian d i s t r i b u t i o n . The 
w i d t h of such a d i s t r i b u t i o n i n c r e a s e s as fi^, the 
magnetic a n g u l a r d e f l e c t i o n i n c r e a s e s , hence when i n 
any s m a l l c e l l the i n c r e m e n t a l s c a t t e r i n g i n t o such a 
c e l l i s i n t e g r a t e d t o o b t a i n the observed number a f t e r 
s c a t t e r i n g , i t i s found t h a t more p a r t i c l e s are i n 
p r i n c i p l e s c a t t e r e d i n t o any g i v e n c e l l than are 
s c a t t e r e d o u t . A f t e r c o r r e c t i o n the s c a t t e r e d curve i s 
no r m a l i s e d t o have the same area as the u n s c a t t e r e d 
c u r v e , so as t o r e p r e s e n t the same number of events. 
(See F i g . 4.7.1. f o r a diagram of the p r o c e d u r e ) . The 
s c a t t e r i n g c o r r e c t i o n t o c o n v e r t observed i n t e n s i t y t o 
a c t u a l i n c i d e n t i n t e n s i t y i s thus l e s s than u n i t y -
t h i s was c a l c u l a t e d and a p p l i e d as f o l l o w s . 
Rossi (1952b) g i v e s as the r.m.s. p r o j e c t e d a n g l e , 
l ^ s ^ t hrough which a p a r t i c l e i s s c a t t e r e d when p a s s i n g 
through a m a t e r i a l whose t h i c k n e s s i n terms of r a d i a t i o n 
l e n g t h s i s t , as:-
r 
No. of events, incident deflection spectrum, ( i . e . Observed 
deflection spectrum corrected for magnetic bias) 
Unsoattered 
deflection 
spectrum. 
Scattered ('broadened') deflection 
spectrum. Height.of 
infinitesimally narrow oell 
found by integrating 
contributions from Gaussians 
seuselans 
represent 
small oellf 
after 
scattering 
i 0.30 
^ for a l l contributing s. 
Category 
lbs soattered defleotion spectrum i s re-normalised after 
scattering so as to represent the sane number of events* 
£10-. 4.7.1. The effect of noise scattering on the 
defleotion spectrum. 
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where K' i s a c o n s t a n t equal t o 21 HeV/c. 
hence < + Q> - £ t * ( i i ) 
where p i s measured i n GeV/c, f o r s c a t t e r i n g i n l a y e r s 
of m a t e r i a l of known t . 
Now, p c ( G e V / c ) , 300. /*Hdl x 1 0 " 9 
( S e c t i o n 3.4') 
Hence < ^ > 8 <LJL48J> $ J 
ft M 300 / H . d l 
<rf - > 
i s thus a c o n s t a n t , termed k. 
9 M 
I n c o n s i d e r a t i o n of s c a t t e r i n g , o n l y g e i g e r counter 
t r a y s B, G, C, and f l a s h tube t r a y s A, B, C, D are 
i m p o r t a n t . S c a t t e r i n g a t t r a y A i s not i m p o r t a n t s i n c e 
o n l y r e l a t i v e p o s i t i o n t o the l o c a t e d p o s i t i o n and not 
angle of i n c i d e n c e , I s of imp o r t a n c e , hence v a r i a t i o n s 
i n e f f e c t i v e angle of i n c i d e n c e caused by s c a t t e r have 
no e f f e c t . I n the case of t r a y D, o n l y the i n c i d e n t 
p o s i t i o n of the p a r t i c l e : i s measured, the emergent angle 
b e i n g of n,o importance. The type and mass of m a t e r i a l 
i n the beam of the p a r t i c l e i s d e t a i l e d i n Table 4-7-1. 
_ 2 
For the g e i g e r t r a y s , w i t h 1.008 g.cm of pyrex 
_ 2 
g l a s s of r a d i a t i o n : l e n g t h 32.34 g.cm i n the beam, 
(0.031)"*" a 0.176 
Using e q u a t i o n 4.7 ( i i ) above one sees t h a t : 
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<d > * 0 , 1 1 8 2 x 0.1762 r a d i a n s r B p/J 
i . e . 2.608 , *-3 /. \ — x 10 r a d i a n s ( i v j 
For the Conversi f l a s h tube s t a c k s , w i t h aluminium 
e l e c t r o d e s , two components a r i s e which add i n q u a d r a t u r e . 
_ p 
The f i r s t of these i s due to the g l a s s , 4.50 g.cm of 
r a d i a t i o n l e n g t h 28.86 g.cm i . e . 
t * * ( 0 . 1 5 6 ) * • 0.395 
Hence <f ^ 5 ^ x l O ' 5 r a d i a n s ( v ) 
_ ? 
and f o r the a l u m i n i u m ' f o i l , 0.17 g.cm of r a d i a t i o n 
l e n g t h 26.3 g.cm" 2, 
t * e (0.00646)* e 0.0804 
I . e . < ^ > , 1.191 1 0 - 3 r a d i a n s 
P/3 
adding 4*7 ( v ) and ( v i ) i n quad r a t u r e one o b t a i n s : 
5.96 x 10" 3 
s^(Conversi s t a c k s ) i pyfl r a d i a n s 
( v i i ) 
For the a i r between the t r a y s A, B and C, D, of the 
spe c t r o g r a p h t h e r e i s a 192 cm column, i . e . 0.24 g.cm 
_2 
of r a d i a t i o n l e n g t h 43 g.cm 
hence t * t (0.00557)* • 0.0236 
and <^ 8> * ^ jjp0- x 1 0 " 3 r a d i a n s ( v i i i ) 
Three g e i g e r t r a y s , 4 Conversi s t a c k s and the a i r 
are i n v o l v e d i n s c a t t e r i n g , thus e q u a t i o n s 4.7 ( v ) , ( v i i ) 
and ( v i i i ) , m u l t i p l i e d by the a p p r o p r i a t e number of 
u n i t s , are added i n q u a d r a t u r e , g i v i n g : -
4 1 . 
4+ s > t o t a l - 1 0 - ? 6 / 1 0 
Pp 
-3 
r a d i a n s ( i x ) 
Hence, from e q u a t i o n 4.7 ( i i i ) , 
K . <j>_^> . 10.56 x 1 0 6 
300|l/Hdl ( x ) 
when the Conversi s t a c k s are i n the beam. For Ser i e s 
M, H., when the Conversi stacks were not i n place i n the 
i n s t r u m e n t , 
x 10 -3 
r a d i a n s 
and K . ^ > _ 4.5? x 10 
' 300/j / H d l 
6 
K i s hence, a f u n c t i o n of y3 and thus of p. Values of the 
c o n s t a n t (Ky3) f o r the v a r i o u s s e r i e s are g i v e n i n t a b l e 
4-7-2 below. 
Series - b ^ b, i n e q u a t i o n N^sAe T M 
L I 0.201 12.596 
L I I 0.147 11.658 
H 0.057 9.374 
E 0,240. 5.539 
Table 4-7-2. 
The w i d t h o f the Gaussian d i s t r i b u t i o n , < ^ s > i a t 
any g i v e n magnetic a n g u l a r d e f l e c t i o n ^ ^  i s thus g i v e n 
by: 
< ^ s > ( x i i ) 
42. 
Other e r r o r s i n ^ H should be combined w i t h (K|3) 
a t t h i s s t a g e , and an i n v e s t i g a t i o n of the s i g n i f i c a n c e 
of c u r r e n t v a r i a t i o n s , g i v i n g c o r r e s p o n d i n g v a r i a t i o n 
i n j H . d l , was made. The s t a n d a r d d e v i a t i o n of t h e s e , 
g i v i n g a parameter & (expressed as a percentage) adding 
t o K i n q u a d r a t u r e , was found t o be l e s s than 5$ of K, 
g i v i n g no e f f e c t i v e charge i n K when added i n q u a d r a t u r e . 
C u r r e n t v a r i a t i o n s were thus shown t o be i n s i g n i f i c a n t . 
An a n a l y t i c a l i n t e g r a t i o n f o r any d e f l e c t i o n ^ M 
was performed, assuming the d e f l e c t i o n spectrum t o have 
the f o r m : -
N ( ^ H ) * Ae"^ 1 1 ( x i i i ) 
This was v e r i f i e d by p l o t t i n g the observed d e f l e c t i o n 
spectrum c o r r e c t e d f o r magnetic b i a s , g i v i n g the i n c i d e n t 
d e f l e c t i o n spectrum, on l o g / l i n e a r s c a l e s , and o b t a i n i n g 
b from the slope of the s t r a i g h t s e c t i o n of the p l o t . 
The r e g i o n s o u t s i d e the e x p o n e n t i a l s e c t i o n of the 
i n c i d e n t d e f l e c t i o n spectrum, i . e . a t those values of 
^ M e i t h e r n e a r l y 0, where < ^ g > i s v e r y s m a l l , or 
approaching magnetic c u t - o f f * 0.47 r a d i a n s ) are n o t 
of i n t e r e s t . Values of the e x p o n e n t i a l s l o p e , b f o r the 
v a r i o u s s e r i e s are a l s o g i v e n i n Table 4-7-2. The v a l u e 
of b used i s t h a t g i v i n g the best f i t a t the l a r g e r 
v a l u e s of used. As mentioned, the c o r r e c t i o n t o 
i n t e n s i t y , R, f o r such ' n o i s e - s c a t t e r i n g ' i s l e s s than 
u n i t y , and i s g i v e n by:-
43. 
R m / u n s c a t t e r e d no- J 
\ s c a t t e r e d no. / a t a n y ^ ^ , ^ ( s a y ) 
. «p - / A ^ 2 ) 
^ 2 / ( x i v ) 
T h i s may be v e r i f i e d u s i n g a method s i m i l a r t o t h a t 
used by L l o y d and ffolfendale, (1955'). 
C o r r e c t i o n has been made by computer t o the da t a , 
a f t e r c o r r e c t i o n f o r the f a c t o r s p r e v i o u s l y d e t a i l e d , the 
procedure b e i n g : -
( i ) From p ( a t the magnet gap) f i n d ^ 3 , and hence K from 
(K{3). 
( i i ) From K, now known, c a l c u l a t e H, the c o r r e c t i o n f a c t o r 
t o i n t e n s i t y . Modify the i n t e n s i t y a c c o r d i n g l y , and 
r e c o r d p, R, and the m o d i f i e d and u n m o d i f i e d i n t e n s i t i e s . 
The r e l a t i o n between p and R f o r the v a r i o u s s e r i e s 
i s g i v e n i n F i g . 4.7.2. I t can be c l e a r l y seen t h a t 
s c a t t e r i n g becomes more s i g n i f i c a n t the h i g h e r the ca t e g o r y 
number, and the c o r r e c t i o n s are more s i g n i f i c a n t a t the 
lower v a l u e s of J f l . d l used. 
4.S. C o r r e c t i o n f o r Momentum Loss i n the M a t e r i a l Above 
the Magnet 
Two c o r r e c t i o n s must be a p p l i e d t o the observed mag-
n i t u d e of momentum and i n t e n s i t y a t the magnet gap, i n 
order t o o b t a i n the i n c i d e n t spectrum. One i s f o r momen-
tum l o s s of the i n c i d e n t p a r t i c l e s , assumed t o be muons, 
i n the m a t e r i a l of the upper h a l f of the s p e c t r o g r a p h , as 
bo 
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d e t a i l e d i n Table 4-7-1. The o t h e r i s a change i n 
apparent i n t e n s i t y due t o a c e l l w i d t h c o r r e c t i o n . 
As b e f o r e : -
dp., 
where s u f f i x 'a' r e f e r s t o above, and 'b* t o below. 
Both c o r r e c t i o n s have been a p p l i e d u s i n g an 
a n a l y t i c a l range-momentum r e l a t i o n s h i p f i r s t g i v e n by 
O l b e r t , ( 1 9 5 4 ) , f o r muons i n a i r , i . e . 
m„ c B / . v 
- u ( 1 ) 
where ny^c » r e s t mass of muon 
p «= momentum of muon 
_ p 
and R •* range of muon i n g*cm , 
B, b, u are c o n s t a n t s - r e v i s e d v a l u e s of these were 
e v a l u a t e d f o r l e a d , and were found t o be:-
B = 91.44, b = 93.12, u - 0.00275. 
The range-momentum r e l a t i o n s h i p g i v e n by t h i s 
e q u a t i o n was checked a g a i n s t t h a t of Sternheimer (1959) > 
f o r muons i n l e a d , and found t o be c o r r e c t t o b e t t e r than 
l°/o. The range momentum r e l a t i o n s h i p f o r muons i n l e a d , 
used i n these c a l c u l a t i o n s , i s shown i n F i g . 4.8.1. 
C o r r e c t i o n f o r momentum l o s s was made by:-
( i ) C o n v e r t i n g momentum to range, adding the e f f e c t i v e 
range l o s s i n l e a d ( i n g.crn - ) , then 
Range i n g.om -2 
10' 
10* 
10 
0.1 0o2 0*5 1 2 5 
Momentum, G-eV/o. 
FIG. 4.8. i . Range-Momentum Curve f o r muons I n lead. 
(Used i n Correction f o r Momentum Loss). 
A f t e r Sternheimer, 1959. 
10 20 
45. 
( i i ) C o n v e r t i n g the c o r r e c t e d range back t o momentum, 
u s i n g O l b e r t ' s e q u a t i o n ( ( i ) above). 
O l b e r t ' s e q u a t i o n w i t h terms transposed was used 
f o r o p e r a t i o n ( i ) , i . e . : 
R _ _R_ 
- b ( i i ) 
C o r r e c t i o n f o r c e l l w i d t h change was made by u s i n g 
the d i f f e r e n t i a l form of e q u a t i o n ( i ) , i . e . 
a' (nyc) 
and dp = _ J _ (p ) 2 
b b * R . ) 2 ', ~ \ * d R b b' (myiC) 
Now, s i n c e R -R, < R or R, , dR «» dR v ( v e r y c l o s e l y ) a o a D a o 
hence:-
This i s the c o r r e c t i o n which has been a p p l i e d t o 
the i n t e n s i t y f o r the c e l l w i d t h change due t o momentum 
l o s s . 
4.9. N o r m a l i s a t i o n 
A f t e r a p p l i c a t i o n of a p p r o p r i a t e momentum l o s s 
c o r r e c t i o n s by computer t o each s e r i e s , each s e r i e s was 
no r m a l i s e d s e p a r a t e l y t o Rossi's f i g u r e (1948) f o r the 
i n t e n s i t y of muons a t 1 GeV/c, i . e . 2.45 x 10~^ 
p a r t i c l e s / c m sec. s t e r a d i a n (MeV/c), w i t h the e x c e p t i o n 
46. 
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47. 
t h a t Series L I was normalised t o s e r i e s L I I a t 0.45 
GeV/c, s i n c e L I has no momentum va l u e s near or above 
1 GeV/c. 
4.10. Combination of Events, and F i n a l D i f f e r e n t i a l 
Momentum Spectrum 
Immediately a f t e r c o r r e c t i o n f o r momentum l o s s , 
events f o r which the momentum i s l e s s than 1 GeV/c, were 
combined i n t o f o u r c e l l s , e q u a l l y spaced as a l o g a r i t h m i c 
s c a l e , between the values 0..276<p< 1.000 GeV/c. This 
reduced the 35 p o i n t s below 1 GeV/c of r e l a t i v e l y poor 
s t a t i s t i c a l accuracy t o f o u r p o i n t s of good s t a t i s t i c a l 
accuracy. The r e s u l t s f o r the f i n a l spectrum a f t e r 
c o r r e c t i o n f o r the f a c t o r s d e t a i l e d above, are g i v e n i n 
Table 4=10-1. The e r r o r i n any p o i n t has been taken t o 
be the s t a t i s t i c a l e r r o r , £ 100 N T , i n the c o r r e c t e d 
number of ev e n t s , N, r e p r e s e n t e d by t h a t p o i n t . 
4.11. R e l a x a t i o n of Spectrum t o " B e s t - F i t " L ine 
The p o i n t s on the d i f f e r e n t i a l d e f l e c t i o n spectrum 
o b t a i n e d i n the. manner d e s c r i b e d were p l o t t e d and the 
b e s t smooth curve drawn by eye through them. I n t e n s i t y 
v a l u e s were then compared w i t h the c o r r e s p o n d i n g o r d i n a t e 
from t h i s c u r v e , and a p l o t made of the r a t i o of the 
i n t e n s i t y f o r each r e s u l t of each s e r i e s t o the o r d i n a t e 
from the smooth cur v e . S t a t i s t i c a l e r r o r s were i n c l u d e d , 
4:8. 
then a ' t r e n d ' l i n e drawn f o r each s e r i e s . Where a l l 
s e r i e s showed an unbalanced t r e n d from the 'p' a x i s 
r e p r e s e n t i n g the smooth c u r v e , the smooth curve was 
s h i f t e d by an a p p r o p r i a t e percentage t i l l the t r e n d 
e i t h e r way ( p l u s or minus) was balanced. The o r i g i n a l 
smooth curve was thus r e l a x e s u n t i l a ' b e s t - f i t ' l i n e : 
based on t r e n d s d i f f e r i n g from the i n i t i a l l i n e shown 
by the i n d i v i d u a l s e r i e s , was o b t a i n e d . This 'best-
f i t ' spectrum i s shown i n F i g . 4.11.1. 
4.12. The Sea-Level Energy Spectrum 
The curve of F i g . 4.11.1. has been con v e r t e d t o a 
s e a - l e v e l energy spectrum. Corresponding v a l u e s of 
momentum, p, were c o n v e r t e d to energy, E u s i n g the 
u s u a l r e l a t i v i s t i c f o r m u l a , v i z : -
E - V F Z c 2 + * 2 c 4 ' ( i ) 
By d i f f e r e n t i a t i o n , the c e l l w i d t h c o r r e c t i o n a r i s i n g 
may be shown t o be: 
.2)2 
n = 1 + * " 3 " J ( i i ) 
E 
t a k i n g the r e s t energy of the muon as 0.1057 GeV 
(Barkas e t a l , ( 1 9 5 9 ) ) . The r e s u l t i n g c o n v e r t e d spec-
trum i s shown i n F i g . 4.12.1. 
I , partioles/ea seo.sterad. (MeV/o) 
5.10""*" 
S t a t i s t i c a l aoouraoy of the points! 
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4.13. The I n t e g r a l Momentum Spectrum 
The i n t e g r a l momentum spectrum of muons a t sea-
l e v e l was o b t a i n e d by i n t e g r a t i n g n u m e r i c a l l y the 
d i f f e r e n t i a l spectrum o f F i g . 4.11.1., extended by 
a d d i t i o n of p o i n t s from Ashton e t a l , (1960) (See F i g . 
10.1.1.). The f i r s t mentioned curve covers the r e g i o n 
from 0.4 t o 10 GeV/c, the second from 10 t o 1000 GeV/c. 
A t o t a l of 226 p o i n t s ( p a i r s of p, I v a l u e s ) were i n t e -
g r a t e d u s i n g the t r a p e z o i d a l r u l e , a c c u r a t e s i n c e the 
c e l l w i d t h i s s m a l l . The i n i t i a l i n t e g r a l i n t e n s i t y a t 
1000 GeV/c was found as f o l l o w s : -
I f the d i f f e r e n t i a l spectrum above a c e r t a i n momentum 
i s r e p r e s e n t e d by a power law of c o n s t a n t s l o p e , , i . e . 
i ( p ) . d p ( p > l 0 - K.pr* ( i ) 
which i s the case a t h i g h momentum - (he r e p* was taken 
t o be 1000 GeV/c) ? then the i n t e g r a l i n t e n s i t y a t p' i s : 
f I ( p ) . d p = • p . - ^ - 1 ) ( i i ) 
p' 7 a 1 
S u b s t i t u t i n g p' * 1000 GeV/c, y = 3.24, K = O.968 
(observed v a l u e s ) one has:-
I (p).dp=* 8.2589.10" p a r t i c l e s . c m " sec" 
1 0 0 0 s t e r a d " 
( i i i ) 
To o b t a i n the i n t e g r a l i n t e n s i t y a t any momentum p, 
below 1000 GeV/c i t i s o n l y necessary t o add 
1000 
5? l ( p ) . d p . t o the known i n t e g r a l i n t e n s i t y a t 1000 GeV/c. 
P 
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This was performed n u m e r i c a l l y u s i n g known values of 
p, I ( p ) , from the d i f f e r e n t i a l spectrum, and c o r r e s -
ponding s m a l l increments i n p. 
The r e s u l t of such n u m e r i c a l i n t e g r a t i o n (performed 
u s i n g the computer) i s shown i n Pi g s . 4.13.1. and 4.13.2. 
The l a s t mentioned f i g u r e shows i n t e n s i t y as a percentage 
of t h a t a t 0.400 GeV/c as a f u n c t i o n o f p. 
The i n t e n s i t y a t p = 0.400 GeV/c i s , f o r most 
p r a c t i c a l purposes, t h a t a t zero momentum, the c e l l neg-
l e c t e d , of w i d t h 0.4 GeV/c, c o n t r i b u t i n g l i t t l e t o the 
t o t a l i n t e n s i t y s i n c e the spectrum i s f a l l i n g r a p i d l y 
i n the r e g i o n 0.4 t o 0 GeV/c. The s p e c t r a presented can 
t h e r e f o r e be taken t o be, f o r most purposes, the i n t e g r a l 
muon s p e c t r a i n the range 0 t o 1000 GeV/c. 
I n t e n s i t y , 
partioles/om seo. aterad. 
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Chapter 5 . 
Bias E f f e c t s on the Spectrum 
5 . 1 . M u l t i p l e Events and Associated Phenomena. 
Mention has a l r e a d y been made i n Chapter 3 of the 
f a c t t h a t o n l y events t r i g g e r i n g a s i n g l e c o u nter i n 
each t r a y were recorded by the momentum a n a l y s e r . 
Events i n which two or more counters a t any l e v e l weire 
t r i g g e r e d were r e j e c t e d . To e s t i m a t e the e f f e c t of the 
r e j e c t i o n of such events on the f i n a l spectrum, an 
experiment was performed t o measure the s p e c t r a of these 
events - the f l a s h - t u b e s p e c t r o g r a p h b e i n g used t o r e c o r d 
these. This i n v o l v e d adding an e l e c t r o n i c u n i t , t o feed 
a s u i t a b l e t r i g g e r i n g p u l s e to the f l a s h - t u b e s when the 
m u l t i p l e pulse d i s c r i m i n a t o r c i r c u i t was t r i g g e r e d . The 
added c i r c u i t i s d e t a i l e d , i n Appendix A . 5 . 1 . 1 . 
The n a t u r e of phenomena a s s o c i a t e d w i t h m u l t i p l e 
events may be b r i e f l y c o nsidered as f o l l o w s - a v e r y 
h i g h energy p r i m a r y cosmic r a y ( > 1 0 ^ e V ) w i l l , i n 
g e n e r a l , produce many p a r t i c l e s on i n t e r a c t i o n - these 
i n t u r n w i l l i n t e r a c t p r o d u c i n g a cascade of charged and 
n e u t r a l p a r t i c l e s . The r e s u l t i n g p a r t i c l e s a t s e a - l e v e l 
are termed a shower, t h i s c o n s i s t i n g m a i n l y of e l e c t r o n s 
from the Tf0"+ 2^f, y-*e* + e~ sequence, t o g e t h e r w i t h a few 
per c e n t of mesons and nucleons. The e l e c t r o n s are 
mai n l y c o n f i n e d t o an area about the 'core' or a x i s of 
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the shower, i n the case of a l a r g e shower c o v e r i n g a 
r a d i u s of some few hundred metres a t sea l e v e l . The 
d e n s i t y of muons f a l l s o f f much l e s s r a p i d l y w i t h 
d i s t a n c e from the core c e n t r e , and one of the two 
i n v e s t i g a t i o n s made was i n t h i s r e g i o n of low d e n s i t y 
of muons. 
A second phenomenon l e a d i n g t o two or more p a r t i -
c l e s b e i n g observed i n any t r a y i s the p r o d u c t i o n of 
secondary e l e c t r o n s . The p r o b a b i l i t y of a rauon p r o d u c i n g 
a knock-on e l e c t r o n i n a g i v e n t h i c k n e s s of m a t e r i a l i s 
a s l o w l y v a r y i n g f u n c t i o n of the muon momentum and i s , 
f o r example, a p p r o x i m a t e l y 6$ i n a 1 cm l e a d p l a t e , f o r 
muons of momenta g r e a t e r than 10 GeV/c. ( L l o y d and 
Wolfendale, 1 9 5 9 ) . 
5 . 2 . Observations 
O p e r a t i o n of the s p e c t r o g r a p h t o o b t a i n data f o r a 
s i n g l e event spectrum y i e l d e d i n f o r m a t i o n t h a t 20$ of a l l 
hard p a r t i c l e s t r a v e r s i n g the i n s t r u m e n t were re c o r d e d 
as ' m u l t i p l e e v e n t s ' . Using the f l a s h tube s p e c t r o g r a p h 
i n the way a l r e a d y o u t l i n e d , 5988 m u l t i p l e events were 
recorded i n a t o t a l r u n n i n g time o f 233 hours. These 
were analysed and c l a s s i f i e d i n t o v a r i o u s types as w i l l 
be o u t l i n e d below. 
F i r s t l y the p o s s i b i l i t y of chance c o i n c i d e n c e s 
w i t h i n the r e s o l v i n g time of the Rossi c i r c u i t , [6ua), 
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must be mentioned. I t i a p o s s i b l e f o r two c o n s e c u t i v e 
s i n g l e events t o pass thr o u g h d i f f e r e n t p a r t s of the 
i n s t r u m e n t w i t h i n t h i s time - the p r o b a b i l i t y o f the 5 -
f o l d c o i n c i d e n c e r e q u i r e d o c c u r r i n g may be shown t o be 
n e g l i g i b l y s m a l l (.0 5 $ ) . 
5 . 5 . A n a l y s i s of R e s u l t s 
I t vras found on i n s p e c t i o n t h a t the events c o u l d be 
c l a s s i f i e d i n t o 3 main t y p e s . These were:-
1 ) Events where one t r a j e c t o r y was seen p a s s i n g through 
a l l 5 t r a y s , and a second through t r a y A, which d i d not 
i n t e r s e c t i n the l a y e r of l e a d or the m a t e r i a l of the 
c o u n t e r t r a y s . Such events were c l a s s e d as 'double-
muons'. 
2 ) 'Knock-on' even t s , where a secondary e l e c t r o n was p r o -
duced i n the l e a d absorber above the i n s t r u m e n t or i n the 
m a t e r i a l of the counter t r a y s and two d i v e r g i n g t r a c k s 
were seen i n t r a y A. 
3 ) Local showers or p a r t s of dense e x t e n s i v e a i r showers 
where a l a r g e number of p a r t i c l e s had t r a v e r s e d the 
i n s t r u m e n t and no d e f i n i t e s i n g l e p a r t i c l e paths c o u l d be 
d e f i n e d . These events were not c o n s i d e r e d f u r t h e r on 
account of t h e i r c o m p l e x i t y . 
The f i l m r e c o r d s of the f l a s h tubes were analysed 
i n the way a l r e a d y o u t l i n e d i n Chapter 3 . The d i r e c t i o n 
of the t r a c k was recorded by drawing d i r e c t l y onto a 
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reduced s c a l e diagram of the i n s t r u m e n t . This procedure 
was performed i n t u r n f o r a l l 4 measuring t r a y s , a f t e r 
which the p a r t i c l e paths were completed on each s c a l e 
diagram. I t was then p o s s i b l e t o separate the accompanied 
muon events from t he knock-on e l e c t r o n e v e n t s . I n the 
case of double muon event s , s i n c e b o t h p a r t i c l e s come from 
w e l l above the i n s t r u m e n t both i n c i d e n t d i r e c t i o n s are 
p a r a l l e l or n e a r l y so. I n c o n t r a s t , the two t r a c k s c o r r e s -
ponding t o a knock-on event i n t e r s e c t w i t h i n the m a t t e r 
where the knock-on c o l l i s i o n had o c c u r r e d . T y p i c a l r e c o r d s 
of the two types of event are g i v e n i n F i g s . 5.3.1. and 
5.3.2. r e s p e c t i v e l y . 
From the measurements made, the momentum, p, was 
found i n the usu a l way. I n each case a c o r r e s p o n d i n g 
momentum spectrum was o b t a i n e d . A check on accuracy was 
made by f i n d i n g the d i s t a n c e s e p a r a t i n g the i n t e r s e c t i n g 
upper and lower p a r t s of the t r a j e c t o r y of the f u l l y 
r e corded event a t the a x i s of the magnet- those separated. 1 
by more than 1.0 cm i n t h i s plane were r e j e c t e d . 
5.4. Double Muon Events 
Only those events g i v i n g two t r a c k s i n t r a y A were 
analysed - s i n c e any event p a r a l l e l t o a f u l l y r e c o rded 
event must, i f r e c o r d e d , pass through t h i s t r a y . The 
average d e n s i t y of the double events observed c o r r e s p o n -
j , I 
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ded t o a p a r t i c l e d e n s i t y of 2 p a r t i c l e s w i t h i n the area 
_ p 
of t r a y A, or 3 . 7 p a r t i c l e s . m 
The f i r s t aim of the work was t o search f o r these 
simultaneous muon event s , and t o d e f i n e t h e i r r a t e , s i n c e 
i f r e l a t i v e l y f r e q u e n t they would a f f e c t a spectrum based 
on s i n g l e e v e n t s , presented as the complete spectrum of 
muons. 112 such events were found i n 5988 m u l t i p l e 
e v e n t s , g i v i n g a r e l a t i v e r a t i o t o s i n g l e muon events of 
0.0047:1. The b i a s i s hence v e r y s m a l l , but t o determine 
any d i f f e r e n t i a l e f f e c t s a momentum spectrum f o r these 
events was found from the measured d e f l e c t i o n spectrum, 
and i s g i v e n , t o g e t h e r w i t h the s i n g l e event spectrum 
n o r m a l i s e d a t a momentum of 1 GeV/c, i n F i g . 5.4.1. 
I t can be seen t h a t the d i f f e r e n t i a l b i a s (change 
i n r e l a t i v e i n t e n s i t y of the two cu r v e s ) w i t h momentum 
i s n e g l i g i b l e , presence of double meson events of the 
d e n s i t y c onsidered only a f f e c t i n g the n o r m a l i s a t i o n 
f a c t o r of the spectrum by a p p r o x i m a t e l y 0.4$. 
Two independent checks were made upon the n a t u r e 
of the accompanying p a r t i c l e s which s u p p o r t the assump-
t i o n t h a t these are muons. 
A f i r s t check was o b t a i n e d by i n v e s t i g a t i n g the 
d i s t r i b u t i o n of the angular s e p a r a t i o n of the p a r t i c l e s 
by d i r e c t measurement from a drawing of each event. The 
observed d i s t r i b u t i o n of s e p a r a t i o n angle versus frequency 
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p 
i s shown i n F i g . 5.4*2., t o g e t h e r w i t h a cos d i s t r i -
b u t i o n f o r comparison. I f the events were independent, 
2 
a cos d i s t r i b u t i o n f o r angular s e p a r a t i o n would be 
expected from z e n i t h angle i n t e n s i t y v a r i a t i o n s . (As 
mentioned i n Chapter 3 ) . The observed d i s t r i b u t i o n was 
2 
found t o f a l l o f f much more r a p i d l y than a cos d i s t r i -
b u t i o n , v e r i f y i n g t h a t the events were low d e n s i t y 
shower p a r t i c l e s , the s m a l l a n g u l a r s e p a r a t i o n showing 
t h a t the shower apex i s h i g h i n the atmosphere. 
The second check was t h a t the o v e r a l l p o s i t i v e t o 
n e g a t i v e r a t i o f o r the f u l l y observed p a r t i c l e s was 
( l . 2 i — .12 ) , t h i s b e i n g i n good agreement w i t h t h a t 
f o r s i n g l e muons. 
5.5. Knock-on E l e c t r o n Events 
Events of t h i s type have been r e a d i l y i d e n t i f i e d 
s i n c e the knock-on e l e c t r o n almost always comes from 
condensed m a t t e r ( P i g . 5.3.2.). The two t r a j e c t o r i e s 
o b t a i n e d on the scale, drawing i n t e r s e c t e i t h e r i n t r a y A 
or i n the l e a d . 
Only those knock-on e l e c t r o n s produced i n the lower 
few mm. of the l e a d emerge, since o n l y p r i m a r y muon 
momenta of l e s s than 10 GeV/c are c o n s i d e r e d . Compari-
son w i t h p r e v i o u s work u s i n g l e a d p l a t e s t h i c k e r than 
t h i s 'maximum range' may be made, and the b i a s a t low 
momentum (£10 GeV/c) i s hence independent of the amount 
No. of events per degree 
10 
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FIG. 5.4.2. D i s t r i b u t i o n of Angles Between Double Muon F.vents, 
2 
Compared with a cos 0 d i s t r i b u t i o n . 
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of condensed m a t t e r above the i n s t r u m e n t , over and above 
a few mm. (7 mm. from the range of 10 MeV/c e l e c t r o n s , 
the most pr o b a b l e momentum from the h i g h e s t p r i m a r y 
momentum c o n s i d e r e d ) . 
One hundred and s i x such events were measured f u l l y , 
and t h e i r momentum spectrum i s shown i n F i g . 5 . 5 . 1 . The 
r e l a t i v e i n t e n s i t y of accompanied events t o s i n g l e events 
can be seen t o i n c r e a s e w i t h momentum as would be expected 
from the work of L l o y d and Wolfendale. The r e l a t i v e b i a s 
would appear t o i n c r e a s e from 1 a t 1 GeV/c t o an approx-
i m a t e l y c o n s t a n t v a l u e of 2 . 8 above 4 GeV/c. Since t h i s 
b i a s i s known t o be a p p r o x i m a t e l y 4 . 5 $ above 4 GeV/c ( f r o m 
L l o y d and Wolfendale) the b i a s a t 1 GeV/c i s thus of the 
order of 1.6$. 
5.6. Events Producing High D e n s i t y Records. 
No measurements were made on events p r o d u c i n g a h i g h 
d e n s i t y of p a r t i c l e s , i . e . more than f o u r or f i v e t r a c k s 
i n any t r a y , o f t e n many t r a c k s b e i n g observed. However, 
from a knowledge of momentum of p a r t i c l e s as a f u n c t i o n 
of d i s t a n c e from the shower core' ( C o x e l l , 1 9 6 l ) , i t 
would appear t h a t such p a r t i c l e s have a momentum around 
or above 10 GeV/c i n or near the i n s t r u m e n t . This leads 
one t o conclude t h a t no s i g n i f i c a n t b i a s a r i s e s from 
such events w i t h i n the momentum range co n s i d e r e d here. 
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5.7. Conclusions w i t h Regard t o Spectrum Bias 
The p o s s i b l e b i a s due t o low d e n s i t y double muon 
events has been shown t o be n e g l i g i b l y s m a l l and t h a t due 
to h i g h d e n s i t y showers may be n e g l e c t e d f o r the reasons 
s t a t e d above. The b i a s due t o knock-on e l e c t r o n s i s 
shown t o v a r y from a p p r o x i m a t e l y 1.6% a t 1 GeV/c i . e . of 
the o rder of the s t a t i s t i c a l accuracy of the p r e s e n t work 
a t t h a t momentum, t o a p p r o x i m a t e l y 4.5$ above 4 GeV/c. 
The g r e a t e r m a j o r i t y of the m u l t i p l e events are of t h i s 
t y p e . 
A f i n a l curve f o r the' sea l e v e l muon spectrum, b e i n g 
the smooth curve of F i g . 4.11.1. c o r r e c t e d f o r knock-on 
e l e c t r o n b i a s , i s presented i n P i g . 5.7.1. This i s t h e 
most a c c u r a t e s e a - l e v e l muon spectrum from the p r e s e n t 
o b s e r v a t i o n s . 
A s i m i l a r b i a s t o t h a t i n the Durham case e x i s t s i n 
the o t h e r work, and the spectrum as pr e s e n t e d b e f o r e 
c o r r e c t i o n f o r b i a s was used f o r comparison, so as t o 
make comparisons under s i m i l a r c o n d i t i o n s . 
2 "* C 
Flux, particles/cm sec. sterad (HeV/c),X 10 • 
1 
0.1 
S 10 1 
Momentum, GeV/c. 
FIG. 5.7.1. Final D i f f e r e n t i a l Sea Level Spectrum of Muons, being 
the Curve of Fig. 4. I I . I . corrected f o r Bias Effects 
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Chapter 6. 
Comparison w i t h Other Workers 
6.1. Procedure 
A comparison has been made between the spectrum 
presen t e d i n F i g . 4.11.1. and those o b t a i n e d by o t h e r 
workers, a l r e a d y d e t a i l e d i n Chapter 2. I n Chapter 5 
i t has been shown t h a t b i a s e f f e c t s are sm a l l i n the 
range covered by t h i s work (0.4 t o 10 GeV/c) - a compari-
son was made w i t h o t h e r s i n g l e event s p e c t r a f o r reasons 
a l r e a d y mentioned ( S e c t i o n 5.7). 
6.2. Spectra n o r m a l i s e d t o t h a t of Rossi 
Three p l o t s have been made of s e t s of comparison 
curves. F i g . 6.2.1. shows those s p e c t r a which have been 
no r m a l i s e d t o the Rossi spectrum (1948) a t 1 GeV/c. n i t h 
t h e e x c e p t i o n of A l l k o f e r ' s work, which i s r e l a t i v e l y 
i n a c c u r a t e s t a t i s t i c a l l y compared t o t h a t of Owen and 
Wil s o n , and Ro>ssi (based on the r e s u l t s of s e v e r a l 
w o r k e r s ) , agreement i s o b t a i n e d t o a p p r o x i m a t e l y (+"10 t o 
—5)%. C o n s i d e r i n g the f a c t t h a t most s p e c t r a are presen-
ted w i t h a l o g a r i t h m i c p l o t of i n t e n s i t y , from which i t 
i s d i f f i c u l t t o read t o b e t t e r than —3f°, t h i s i s cons i d e r e d 
s a t i s f a c t o r y . V a r i a t i o n s from the Durham spectrum are 
random, hence i t i s b e l i e v e d t h a t the Durham spectrum 
r e s o l v e s the s m a l l d i s c r e p a n c i e s i n p r e v i o u s work. 
The work of Pine e t a l (1959) i s a r e c e n t s i g n i f i -
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cant measurement - i n t e n s i t i e s were c a l c u l a t e d from the 
known acceptance' and e f f i c i e n c y of t h e i r i n s t r u m e n t . 
However, no c o r r e c t i o n s would appear t o have been made 
f o r s c a t t e r i n g or momentum l o s s w i t h i n the a p p a r a t u s , no 
mention of these f a c t o r s being g i v e n . I n view of the 
c l o u d chambers w i t h i n the g e i g e r c o u n t e r measuring l e v e l s 
these f a c t o r s w i l l be a p p l i c a b l e , and the f a c t o r of 
d i f f e r e n t i a l knock-on b i a s may become i m p o r t a n t . I n -
s u f f i c i e n t data on the mass of m a t e r i a l i n the beam i s 
a v a i l a b l e f o r c o r r e c t i o n t o be made by the p r e s e n t a u t h o r 
The spectrum i n t e n s i t i e s g i v e n by Fine w i l l be reduced by 
c o r r e c t i o n f o r s c a t t e r i n g ( i . e . 'noise' s c a t t e r i n g , as 
discussed i n Chapter 4) and i n c r e a s e d v e r y s l i g h t l y i f a 
s m a l l d i f f e r e n t i a l b i a s due t o knock-on events a p p l i e s . 
These f a c t o r s would b r i n g t h i s work i n t o c l o s e r agreement 
w i t h the p r e s e n t and p r e v i o u s work. 
6..3. Spectra n o t Normalised to Rossi 
The second p l o t ( F i g . 6.3.1.) shows those s p e c t r a 
n o t n o r m a l i s e d t o Rossi's spectrum a t 1 GeV/c. Here, 
s i n c e t h e r e i s no unique p o i n t of agreement the v a r i a -
t i o n s are g r e a t e r and more random. The work of Caro et 
a l (1950) and Moroney and P a r r y ( 1 9 5 4 ) , found t o d i f f e r 
from p r e v i o u s a c c u r a t e work, has a g a i n been found t o 
d i f f e r from the p r e s e n t work. No reason i s i m m e d i a t e l y 
obvious - i t has been s t a t e d by these workers t h a t 
t h e r e was l i t t l e a b s o r b i n g and s c a t t e r i n g m a t e r i a l i n the 
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beam of the p a r t i c l e s , hence i t would n o t be expected 
t h a t the di s c r e p a n c y i s due t o a b i a s e f f e c t . The work 
of Glaser, (195©0 of r e l a t i v e l y low s t a t i s t i c a l accuracy, 
i s regarded as b e i n g w i t h i n the agreement expected. 
6.4- Spectra Re-normalised t o Rossi 
I n F i g . 6.4.1. the work d e s c r i b e d i n S e c t i o n 6.3. i s 
shown a f t e r r e - n o r m a l i s a t i o n of each curve t o Rossi's 
i n t e n s i t y a t 1 GeV/c. Much c l o s e r agreement i s now 
o b t a i n e d w i t h t h e pr e s e n t work, agreement b e i n g g e n e r a l l y 
w i t h i n the range (+10 to -5)#. 
6.5. P o s s i b l e L a t i t u d e E f f e c t s 
The e f f e c t of v a r i a t i o n s i n l a t i t u d e of places of 
measurement of the 'hard' cosmic r a y spectrum has been 
computed by O l b e r t (1954). Curves f o r v a r i a t i o n versus 
range are presented - u s i n g Sternheimer's (1959) range-
momentum r e l a t i o n s h i p f o r muons i n a i r (see F i g . 7.1.2.). 
The r e s u l t s g i v e n were con v e r t e d t o a momentum-intensity 
v a r i a t i o n w i t h l a t i t u d e ( F i g . 6.5.1.)• I t can be seen 
t h a t above 1 GeV/c, d i f f e r e n c e s of l e s s than 1+8% per 
10° change i n l a t i t u d e are t o be expected, the d i f f e r -
ence i n c r e a s i n g w i t h d e c r e a s i n g momentum. Though p o s s i b l y 
a c c o u n t i n g f o r p a r t of the di s c r e p a n c y between the- work 
of Caro e t a l and Moroney and Pa r r y (4'7°s) and t h e p r e s e n t 
work (54°N), t h i s does not f u l l y e x p l a i n the observed 
d i f f e r e n c e . 
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Chapiter 7. 
D e r i v a t i o n of t h e Pion Generation Spectrum 
7.1. A Simple P r o p a g a t i o n Model - Unique Generation Height 
The muons observed a t sea l e v e l are now known t o come 
tuirn by the i n t e r a c t i o n of p r i m a r y cosmic rays w i t h the 
atmosphere. An a l t e r n a t i v e process, o t h e r than the 
primary-pion-muon sequence i s the sequence pri m a r y - k a c n -
muon. The second process has been shown t o y i e l d a 
n e g l i g i b l e i n t e n s i t y of muons a t sea l e v e l w i t h momentum 
below 15 GeV/c compared w i t h t h a t due t o the f i r s t p r o -
cess. This f o l l o w s from the work of Kocharyan e t a l , 
(1960) i n which p o l a r i s a t i o n of the muons was measured. 
Kaon g e n e r a t i o n would y i e l d d i f f e r e n t p o l a r i s a t i o n t o 
p i o n g e n e r a t i o n , and the l a t t e r was shown t o predominate. 
Many e a r l y workers ( e . g . Owen and Wilson 1955) 
f o l l o w e d D u p e r i e r , ( l 9 5 l ) who assumed a unique depth o f 
g e n e r a t i o n of pions by the p r i m a r i e s (100 g.cm ) and 
then showed t h a t such an assumption would o n l y r e s u l t 
i n a few percent e r r o r compared w i t h d i s t r i b u t e d p r o -
d u c t i o n . I t has g e n e r a l l y been assumed t h a t the path 
l e n g t h of pions b e f o r e decay i s n e g l i g i b l e . For the 
momenta considered i n the present work t h i s assumption 
i s c o r r e c t - the mean range of a p i o n of momentum p;^ 
almost c e r t a i n l y from t he decay of p i o n s , generated i n 
GeV/c J * i s S » 77 2Ptr cm. (See Appendix A. 7.1.1.). 
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Thus a p i o n of momentum 10 GeV/c w i l l have a mean range 
_ p 
of 0.55 Km which a t the 100 g.cm l a y e r i s a mean depth 
_ p 
of 7.86 gm. cm 
The e f f e c t i v e unique h e i g h t of f o r m a t i o n of muons 
i s thus known, so t h a t by m u l t i p l y i n g the i n t e n s i t y a t 
s e a - l e v e l by the i n v e r s e p r o b a b i l i t y of s u r v i v a l and a 
c o r r e c t i o n f o r momentum l o s s causing e f f e c t i v e c e l l w i d t h 
change, a l s o adding an a p p r o p r i a t e momentum l o s s t o the 
momentum a t sea l e v e l , a p r o d u c t i o n spectrum of muons may 
be o b t a i n e d . 
The c e l l w i d t h c o r r e c t i o n i s a simple c o r r e c t i o n , 
as f o l l o w s : - i f the I p a r t i c l e s i n a c e l l of w i d t h Sp 
3 8 
a t sea l e v e l occupy a c e l l of w i d t h o"pit a t depth t i n 
the atmosphere, then the number 1^ i n the c o r r e s p o n d i n g 
c e l l must be the same 
Hence:- I a ' ^ p s " I f ^ p ! t 
o r X t S K x i s 
5 p t 
A l l o w i n g £p and Sp. t o become i n f i n i t e s i m a l l y 
s m a l l , t h e n : -
I + . d p s 
*' " X *• ( i ) 
The s u r v i v a l p r o b a b i l i t y , P, i s g i v e n by an expres-
s i o n due t o Owen and Wilson (1955)^ v e r i f i e d i n Appendix 
A.7.1.2. 
I n P 
where h Q i s the s c a l e h e i g h t of the atmosphere, taken t o 
be a mean value of 7.02 Km. f o r t h i s purpose (See Ross i , 
1 9 5 2 c ) , 1 ? o i s the mean l i f e t i m e of amuon, 2.22 x 10"^ sec 
i t s r e s t energy, 105.7 MeV. (Barkas e t a l , 1958); p. i t s 
s e a - l e v e l momentum, p Q the momentum l o s s i t would undergo 
i n t r a v e r s i n g the whole atmosphere of depth t (1033 g. 
cm" ) and t i s i t s p r o d u c t i o n h e i g h t . A s e r i e s of v a l u e s 
-2 
of P f o r t = 50, 100 and 150 g.cm are g i v e n i n P i g . 
7.1.1. 
Rearranging the e q u a t i o n , e v a l u a t i n g the f i r s t 
( c o n s t a n t ) terms and l e t t i n g Ap be the momentum l o s s 
from the depth t t o s e a - l e v e l , i t can be seen t h a t : -
l n P - -
This i s a form convenient f o r c o m p u t a t i o n . 
The generated d i f f e r e n t i a l muon spectrum may then 
be seen t o be:-
< y t • d p f x i z s x i 
d P. t 
Assuming a median angle of emission of the muons 
from p i o n decay, i t can be shown t h a t (Appendix A.7.1.3.) 
and c o r r e s p o n d i n g l y a c e l l w i d t h c o r r e c t i o n of r must be 
a p p l i e d t o the mupn i n t e n s i t y t o t r a n s f o r m i t t o the 
co r r e s p o n d i n g p i o n i n t e n s i t y . Thus, a t h e i g h t t , p^ . i s 
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g i v e n by ( i v ) above, and:-
( I n ) t - r . ( I r ) t ( v ) 
hence 
d p i . x r ( v i ) 
Pine e t a l (1959) showed t h a t a s m a l l m o d i f i c a t i o n f o r 
the number of pi o n s i n t e r a c t i n g may be o b t a i n e d from 
the d i f f u s i o n e q u a t i o n of the p i o n s : -
F r a c t i o n a l l o s s of pions by i n t e r a c t i o n 
whe=re B' i s a c o n s t a n t equal t o 91 GeV/c and r (Pine's 
v a l u e ) i s equal t o 0.76. 
The f i n a l e q u a t i o n f o r the s i n g l e h e i g h t d i f f e r e n t i a l 
p i o n g e n e r a t i o n spectrum i s t h u s : -
This was e v a l u a t e d f o r the Durham sea l e v e l muon 
spectrum by the a u t h o r f o r a unique p r o d u c t i o n depth of 
115 g.cm~ (suggested by O l b e r t , 1 9 5 4 ) t w i t h momentum 
l o s s f o l l o w i n g the momentum-range r e l a t i o n of Sternheimer 
1959 ( F i g . 7.1.2.). The schematic process i s shown i n 
F i g . 7.1.3. and the r e s u l t i n F i g . 7.1.4. 
7.2. Extended Generation Model 
7 . 2 . ( i ) P r e v i o u s Attempts 
The model a l r e a d y d e s c r i b e d i s o n l y c o r r e c t to; 
w i t h i n a few p e r c e n t due t o the n a t u r e of the assumptions 
1 
1+P 
B 1 
( v i i ) 
( O I x dp 1.,-p* l (
 K± 
\ 91 / 
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dp ( v i i i ) 
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FIG. 7. I. Z. Range Momentum Curve for Muons i n A i r 
(After Stemheimer, 1959)* 
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Multiply by dp/dB, c e l l width 
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FIG.7 .1.3. Schematic diagram of d e r i v a t i o n of the 
Pion Generation Spectrum from the Sea-
l e v e l Muon Spectrum assuming Unique 
height of Muon production and v a r y i n g 
momentum l o s s . 
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FIG. 7.1„4. The Pion Generation Spectrum, assuming Unique Height 
of Muon Production (115 g.cm~2) and varying momentum loss. 
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made, the accuracy d e c r e a s i n g w i t h d e c r e a s i n g momentum. 
Muons of i n c r e a s i n g momentum a t sea l e v e l may be seen t o 
come mainly from d e c r e a s i n g depths i n the atmosphere as 
the s u r v i v a l p r o b a b i l i t y from such s m a l l depths i n c r e a s e s 
w i t h i n c r e a s i n g momentum. 
Several workers have attempted a n a l y t i c a l s o l u t i o n 
of the p r o p a g a t i o n problem a l l o w i n g f o r p r o d u c t i o n de-
c r e a s i n g e x p o n e n t i a l l y w i t h i n c r e a s i n g depth, f i r s t sugges-
t e d by B a r r e t t e t a l ( 1 9 5 2 ) , o u t s t a n d i n g examples b e i n g 
those of Haber-Schaim and Y e k u t i e l f ( 1 9 5 4 ) who used t h e i r 
c o n s i d e r a t i o n s t o d e f i n e the a b s o r b t i o n l e n g t h more 
a c c u r a t e l y , Puppi (1956) who s t a t e s t h a t h i s s o l u t i o n i s 
n o t a c c u r a t e below 5 GeV/c, and Maeda (1960) who based 
h i s work on the muon g e n e r a t i o n spectrum of Sands ( 1 9 5 0 ) , 
shown by Owen and " i l s o n t o be u n s a t i s f a c t o r y i n many 
r e s p e c t s . 
7 . 2 . ( i i ) The Author's Computations 
Numerical s o l u t i o n has been performed above a sea 
l e v e l muon energy of 5 GeV by A p o s t o l a k i s and A l l e n 
( l 9 6 l ) , and a s i m i l a r s o l u t i o n over the sea l e v e l momen-
tum range r e l e v a n t here by the a u t h o r . The model i s a 
l o g i c a l e x t e n s i o n of the s i n g l e unique h e i g h t g e n e r a t i o n 
model. At each depth i n the atmosphere the i n c r e m e n t a l 
p r o d u c t i o n i n a 1 g.cm l a y e r i s c o n s i d e r e d , assuming a 
law f o r the p i o n p r o d u c t i o n spectrum, and an e x p o n e n t i a l 
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law f o r a b s o r p t i o n of the p r i m a r i e s . An a b s o r p t i o n 
_2 
l e n g t h of 120 g.cm was i n i t i a l l y assumed. The 
— 2 
i n c r e m e n t a l p r o d u c t i o n of pions i n any 1 g.cm l a y e r 
i s t h u s : -
E x p e r i m e n t a l evidence f o r t h i s assumption was found 
by Duthie ( l 9 6 l ) who p l o t t e d the i n t e n s i t y o f n e u t r a l 
pions w i t h p>550 GeV as a f u n c t i o n of depth and found 
good agreement w i t h a law of the form : -
K, <L b e i n g c o n s t a n t s , ijjo' r e f e r r i n & t o a b s o r p t i o n of 
the p r i m a r i e s . 
Fo>r a s e r i e s of values of momentum a t sea l e v e l f o r 
which the i n t e n s i t y i s known, c o r r e s p o n d i n g v a l u e s of 
p < f and a t t e n u a t i o n c o n s t a n t , K, m o d i f y i n g the d i f f e r e n -
t i a l p i o n i n t e n s i t y (I,,-) , p^ to g i v e the i n c r e m e n t a l 
c o n t r i b u t i o n t o 1^ . a t sea l e v e l and hence an i n c r e m e n t a l 
i n t e n s i t y from a sm a l l c e l l , A 1 ,^, were o b t a i n e d , f o r a 
s e r i e s of ' t ' v a l u e s c o v e r i n g the whole atmosphere. 
These were i n t e g r a t e d n u m e r i c a l l y t o o b t a i n the t o t a l 
s e a - l e v e l i n t e n s i t y , 1^. Increments i n t were chosen t o 
be c o n v e n i e n t l y l a r g e (100 g.cm~ ) i n the lower r e g i o n s 
of the atmosphere where t h e r e i s l e s s p r o d u c t i o n , and 
sma l l (50, d e c r e a s i n g t o 20 g.cm" ) i n the upper r e g i o n s 
of the atmosphere. The process was programmed and com-
( S l J . d p ( I f ) , dpi, x e 
-t / 120 
120 ( i ) 
68. 
puted i n 2 stages:-
Stage 1 c o n s i s t e d of e v a l u a t i n g t , p ^ and the 
a t t e n u a t i o n c o n s t a n t K f o r the s e r i e s of convenient 
depths i n the atmosphere j u s t mentioned. 
Stage 2 c o n s i s t e d of assuming a law r e l a t i n g the 
p i o n g e n e r a t i o n spectrum i n t e n s i t y and p^-, then i n t e -
g r a t i n g the i n c r e m e n t a l c o n t r i b u t i o n s ( a l ^ ) t o Iy» a t 
sea l e v e l , from the known increments i n t ( and 
cor r e s p o n d i n g values of p„.) over the whole atmosphere. 
7.2. ( i i i ) Stage 1 Computation 
A f l o w - d i a g r a m i s g i v e n i n F i g . 7 .2 .1 . 
The f i g u r e s g i v e n by Sternheimer (1959) were taken 
f o r momentum l o s s of muons by i o n i s a t i o n below 10 GeV, 
( F i g . 7 . 2 . 2 . ) , o t h e r l o s s e s were n e g l e c t e d . Equations 
were f i t t e d t o the curve o b t a i n e d from t h i s d a t a , and 
these g i v e the momentum l o s s of a muon of momentum p, 
i n a i r , as:-
f o r p < l GeV/c, 
d x 2,0.,1.0. -/-1.79.10"* I n p + 8 . 9 . 1 0 ~ r ( l n p) 
GeV/g.cm" 
f o r p > l GeV/c, 
» 2.10"5-*- 2.85.10"* I n p.GeV/g.cm"2 ( i i ) 
Fix p^S.L.) 
Set t , depth in ataoephere, to S.L. value T T r 
Calculate dp. and 
dx 
ntua loss over 10 g.ca -2 
Add lose to 
Subtract 10 frc 
Recycle, t not equal to value required for 
stage 2 
Calculate Plea Beaentua, p7t. 
Al l width correction, - I 
Weighted Production Factor - I I 
Survival probability - I I I 
Probability of non-interaction «• IV 
Hence I , e I H I I x I I I B IV 
PBINT t, p , K. 
Fig nsv t value at vhich p ^ etc, required» 
5 Re- cycle, t) 0 . 
FIO. 7.2.1. 
Plow Diagraa for Stage 1 * Computation, Extended 
Production Pion Generation Spectrua. 
0. 
4 
00 
03 
+> 
a CM d t o I \ O ON a tin CM \ i CQ 
\ 
\ i 
1/3 
01 
a 
00 
4» 
vo a 
i CM 
CO CM 00 O 
CM 
69. 
Using the above laws f o r dp/dx f o r a s e r i e s of 
values of p a t sea l e v e l , a c t u a l l y 0-4, 0.7, 1.0, 
2.5, 5.0 and 10.0 GeV/c, py a t de c r e a s i n g depth, t , 
was computed by t a k i n g 10 g.cra increments i n t , 
f i n d i n g the momentum l o s s i n each l a y e r and adding i t 
t o the i n i t i a l momentum a t the bottom of the l a y e r . The 
new momentum i s then used t o f i n d the l o s s i n the next 
10 g.cm~ l a y e r and so on. At c e r t a i n depths, ( F i g . 
7.2.3.) the muon momentum a t t h a t d e p t h , p , i s con-
v e r t e d t o p^ u s i n g e q u a t i o n 7 . l ( i v ) and r = 0.787. The 
u s u a l l y adopted v a l u e of r ( t h e f a c t o r c o n n e c t i n g mean 
muon and p i o n momenta) i s 0..76, b u t i t i s shown i n 
Appendix 7.2.1. t h a t r - 0.787 i s a more a c c u r a t e v a l u e , 
by c o n s i d e r i n g the k i n e u a t i c s of -k+J'- decay. This v a l u e 
was used t h r o u g h o u t the present computations. 
Values of ( i ) - A p and ( i i ) p Q , r e q u i r e d i n the c a l -
c u l a t i o n of s u r v i v a l p r o b a b i l i t i e s , are c a l c u l a t e d when 
r e q u i r e d by e v a l u a t i n g : 
( i ) t h e d i f f e r e n c e between p c T and p,, and 
( i i ) m u l t i p l y i n g 4 p by ( l - t / t Q ) t o o b t a i n the momentum 
l o s s the muon would i n c u r i n t r a v e r s i n g the whole atmos-
phere a t the same average r a t e of momentum l o s s . The 
a t t e n u a t i o n c o n s t a n t a t the chosen depths was e v a l u a t e d 
from the f o l l o w i n g : -
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( i ) c e l l w i d t h c o r r e c t i o n . F o l l o w i n g e q u a t i o n 7 . l ( i ) 
i n v e r t e d s i n c e i t i s now necessary t o c o n v e r t I * - t o A l „ 
r 
and not v i c e - v e r s a , 
I d p t 
s - r j — x 1^ f o r muons. 
p s 
The f a c t o r dp^ may be r e p l a c e d by:-
d p 
\ dx dp. J 
The a p p r o p r i a t e values of momentum l o s s were o b t a i n e d from 
the momentum l o s s equations ( 7 . 2 . i i ) and d i v i d e d . I t i s 
assumed, as i n S e c t i o n 7.1, t h a t the pions decay almost 
i n s t a n t a n e o u s l y t o muons. 
( i i ) Weighted P r o d u c t i o n - a l r e a d y g i v e n i n e q u a t i o n 7 . 2 ( i ) . 
as: 
Ygo * e _ t / 1 2 0 per 1 g.cm" 2 l a y e r I I 
i i i ) S u r v i v a l P r o b a b i l i t y - c a l c u l a t e d from Owen and 
Wilson's e q u a t i o n ( E q u a t i o n 7 . 1 . ( i i i ) ) . Values of ^  p 
and p>Q are a l r e a d y known a t any g i v e n t . I l l 
( i v ) Nuclear I n t e r a c t i o n . F o l l o w i n g Pine e t a l and 
eq u a t i o n s 7 . 1 . ( i v ) and 7 . 1 . ( v i i ) : -
I^«. • f where 
f * rTl±E^ IV 
where B" i 3 the momentum c o r r e s p o n d i n g t o an energy B, 
g i v e n by:-
B rn^.c .r.h 
B " o 
c r o 
7 1 . 
('in*-, t r e f e r t o the mass and l i f e t i m e r e s p e c t i v e l y of 
the p i o n , c i s the v e l o c i t y of l i g h t , and r = O.787). 
I n t h i s e q u a t i o n h Q , the s c a l e h e i g h t of the atmos-
phere ( n 0 ) w a s assumed t o be 6.46 Km. This i s a va l u e 
r e l e v a n t t o the upp;er atmosphere, which i s where the 
g r e a t e r p r o p o r t i o n of p r o d u c t i o n takes p l a c e , and 
d i f f e r s from the mean value of h used i n the s u r v i v a l 
o 
p r o b a b i l i t y computation (7.02 Km). 
The a t t e n u a t i o n c o n s t a n t , K, f o r any g i v e n sea 
l e v e l momentum p, f o r h e i g h t t , i s then g i v e n by the 
p r o d u c t : -
K - I x I I x I I I x IV 
-2 
Values of IC were computed a t i n t e r v a l s of 20 g.cm 
-2 -2 -2 
i n t down t o 200 g.cm , 50 g.cm down t o 400 g.cm , -2 -2 and 100 g.cm down to 1000 g.cm . An allowance f o r 
_ ? 
the l o w e s t l a y e r o f 33 g.cm was made i n the i n t e g r a -
t i o n (Stage 2 ) . The values of t (upp:er l i m i t of l a y e r 
c o n s i d e r e d ) p ^ (mean v a l u e ) and were used as data 
f o r stage 2 of the computation i n which a law was o b t a i n e d 
f o r the pi o n g e n e r a t i o n spectrum f i t t i n g the sea l e v e l muon 
spectrum observed, making the assumptions s t a t e d . 
7.2 ( i v ) Stage 2 Computation 
Muons a r r i v i n g a t s e a - l e v e l w i t h any g i v e n momentum 
come from a s t e a d i l y i n c r e a s i n g s e r i e s of v a l u e s of p ^ w i t h 
d e c r e a s i n g depth i n the atmosphere. By assuming a law 
72. 
c o n n e c t i n g 1^- and p < f and i n t e g r a t i n g 1^ from the 
known v a l u e s over the whole depth o f the atmosphere 
( S e c t i o n 7.2. ( i i ) ) UyOg L was found f o r any g i v e n 
(P/*-)s.L* T n i s w a B repeated f o r the values of (P/Og ^ 
a v a i l a b l e (See S e c t i o n 7 . 2 . ( i i i j ) . 
The i n t e g r a t i o n was performed by a p p r o x i m a t i n g a 
h i s t o g r a m t o the smooth curve c o r r e s p o n d i n g t o i n c r e -
mental muon p r o d u c t i o n . The c e l l w i d t h s a l r e a d y men-
t i o n e d , or r a t h e r depths chosn f o r c a l c u l a t i o n of 
p^, K, e t c . were chosen from a knowledge of the form of 
the curve from p r e l i m i n a r y c a l c u l a t i o n s . The i n t e g r a -
t i o n was computed and a t r i a n g l e approximated t o the 
f i r s t c e l l . (See F i g . 7.2.3.)-
By p l o t t i n g the sea l e v e l muon spectrum f o r a 
known p i o n spectrum lav; a t e s t of f i t was made between 
the p r e d i c t e d and a c t u a l sea l e v e l muon i n t e n s i t y curves 
By r e l a x i n g the p i o n sp-.ectrum by the r a t i o of the 
observed t o p r e d i c t e d sea l e v e l i n t e n s i t i e s a t an 
a p p r o p r i a t e mean p^, c o r r e s p o n d i n g t o a g i v e n (p^.)g ^ 
a p i o n spectrum g i v i n g a c l o s e r f i t was o b t a i n e d . T h i s , 
a method of successive a p p r o x i m a t i o n , was a p p l i e d . 
The f i r s t power laws t r i e d f o r the p i o n spectrum 
f o l l o w e d a p p r o x i m a t e l y Puppi (1956) and were:-
where £ has va l u e s between 2.6 and 2.7 and A = 1.88.10"^" 
SI, Incremental I n t e n s i t y , No./B.seo.sterad. (MeV/o). 
1x33 g.oi 
: - Q - ' l O O 200 300 ^00 500 600 700 800 900 1000^ 
-2 
Depth i n atmosphere, g»em 
0 10 20 1*0 " 
t L a s t o e l l - approximate to triangle 
•j 2 . 3. Mode of Nuoerioal Integration of Inorgmental 
I n t e n s i t y 
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( u n i t s of i n t e n s i t y ) . An i n t e r p o l a t e d v a l u e o f ^  2.64 
was found t o g i v e a good f i t f o r (pv) _ T >5.0 GeV/c. 
For ( p ^ ) s 1,^ 3 GeV/c no unique values of A and y were 
found t o f i t . C o r r e s p o n d i n g l y f u n c t i o n s complex i n p-^ -
f o r A and y were t a k e n , a p p r o p r i a t e f u n c t i o n s b e i n g 
o b t a i n e d from the g r a p h i c a l l y r e l a x e d p i o n spectrum, f o r 
each a p p r o x i m a t i o n . (A = i n t e r c e p t a t * 1 GeV/c, y = 
s l o p e , f o r any p o i n t . A and y were p l o t t e d v s . p-*-). 
The forms of A and y found t o g i v e the best f i t 
a r e : -
x-4 /_ \ 0.712 A 
A 
1.82.10 V P V ) F O R 0 .6< P I R <4.0 GeV/c 
-4 4 ' 1.82.10 * f o r 4.0 GeV/c 
and y = 2.64 ( c o n s t a n t ) , 
where 1^ = Ap^~^with A, y as above. A t a b l e of va l u e s 
f o r p^, A, Y a n ^ I f ° r these parameters are g i v e n i n 
Table 7-2-1. 
1.00 
2.00 
3.00 
4.00 
5.00 
6.00 
7.00 
8.00 
9.00 
10.00 
12.00 
7.01.10 
1.15.10 
1.53.10 
" T 
-4 
-4 
1.8A.10" 
2.64 
A ( p f H 
7.01.10*5 
1..84.10"? 
8.43.10"% 
4.839.10"? 
2.685.10"° 
1.659.10"| 
1.104.10, 
7.762.10"' 
5.688.10"' 
4.307.10"' 
2.661.10"' 
Table 7-2-1. 
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7.2.(v) I n c r e m e n t a l P r o d u c t i o n of Kuona 
C o n c u r r e n t l y w i t h summation of the i n c r e m e n t a l 
i n t e n s i t i e s of muons a t sea l e v e l produced from pions 
a t depth t , the a c t u a l i n c r e m e n t a l i n t e n s i t i e s of muons 
a t such depth t was p r i n t e d and i s shown i n F i g . 7.2.4a. 
Specimen curves g i v e n by Maeda ( t h o s e f o r momenta of 1 
and 10 GeV/c) and those of the a u t h o r are shown p l o t t e d 
on the same s c a l e ( n o r m a l i s e d a t t h e i r peaks) i n F i g . 
7.2.4b. L i t t l e i m p o r t a n c e , however i s a t t a c h e d t o the 
d e v i a t i o n s o c c u r r i n g , s i n c e Maeda's work was based on 
the p r o d u c t i o n spectrum of Sands. 
7 . 2 . ( v i ) The Pion Generation Spectrum 
The ' b e s t - f i t ' spectrum was p l o t t e d and r e l a x e d 
g r a p h i c a l l y by v e r y s m a l l amounts t o f i t the sea l e v e l 
spectrum. The f i n a l r e l a x e d g e n e r a t i o n spectrum of 
p i o n s i s shown i n F i g . 7.2.5; t o g e t h e r w i t h the s p e c t r a 
of Puppi and O l b e r t f o r comparison. A p i o n g e n e r a t i o n 
spectrum p u b l i s h e d by Jakem>an (1956) i s shown i n F i g . 
7.2.6. These are i n reasonable agreement w i t h the 
p r e s e n t work. E x c e l l e n t agreement i s a l s o o b t a i n e d 
w i t h the work of Pine e t a l . Table 7-2-2 shows 
summarised r e s u l t s f o r the exponent of the p i o n 
g e n e r a t i o n spectrum. 
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Workers Momentum range 
i n GeV/c 
Exponent of 
7f-meson spectrum 
Durham 2-12', -2.64 * 
10-1000 -2.64 ^ 
Owen e t a l , 1955 3-22 -2.85 
Puppi, 1956 3-22 -2.75 
Rodgers, 1957 3-30 -2.70 
30-1000 -2.80 
p i n e e t a l , 1959 4-175 -2.64 
B Present work, complex A as d e s c r i b e d i n t e x t . 
/ Work of Hayman ( l 9 6 l ) 
Table 7-2-2. 
7 . 2 . ( v i i ) Mean and Median Depths and Heights of P r o d u c t i o n 
From the curves f o r the i n c r e m e n t a l p r o d u c t i o n of 
muons shown i n F i g . 7.2.4., a median depth o f p r o d u c t i o n 
of muons was o b t a i n e d by n u m e r i c a l i n t e g r a t i o n and a mean 
depth of p r o d u c t i o n by computation ( F i g . 7.2.7.). By 
means of the curve c o n n e c t i n g h e i g h t and depth g i v e n by 
Rossi (1952c) these were converted t o mean and median 
h e i g h t of p r o d u c t i o n - F i g . 7.2.8. The inadequacy of 
assuming a unique p r o d u c t i o n depth i s c l e a r l y shown by 
these curves. 
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7 . 2 ( v i i i ) E f f e c t of Change i n A b s o r p t i o n L e n g t h . 
The n u m e r i c a l computations were r e p e a t e d f o r 
a b s o r p t i o n l e n g t h s of 110 and 130 g.cm u s i n g the 
known p i o n g e n e r a t i o n apectrum. From the e f f e c t of 
such changes on the s e a l e v e l muon spectrum a l t e r n a t i v e 
i m p l i e d changes to the pion g e n e r a t i o n spectrum were 
e v a l u a t e d . (To g i v e the known obser v e d s e a l e v e l muon 
s p e c t r u m ) . The e f f e c t s a r e shown g r a p h i c a l l y i n F i g . 
7 . 2 . 9 * i the change i n p i o n g e n e r a t i o n i n t e n s i t y b e i n g 
shown. S i n c e the g r e a t e r p a r t of the muon f l u x i s pro-
duced i n the upper atmosphere where the f a c t o r ^ i n 
- t l 
e 'A i s l e s s than 1, the s e a l e v e l f l u x i s not s e n s i t i v e 
to s m a l l changes i n the a b s o r p t i o n l e n g t h of the p r i m a r y 
component, as would be e x p e c t e d . The e f f e c t s d e c r e a s e 
w i t h i n c r e a s i n g (p«)c, T s i n c e p r o d u c t i o n a t lo w e r depths 
becomes l e s s s i g n i f i c a n t w i t h i n c r e a s i n g s e a l e v e l 
momentum. 
7 . 2 ( i x ) Comparison w i t h the D i r e c t Measurement of the 
Pion G e n e r a t i o n Spectrum 
O b s e r v a t i o n s of p a i r s of y - r a y t r a c k s by means of 
decay e l e c t r o n s r e s u l t i n g fro.m decay of n e u t r a l p i o n s , 
have been observed i n e m u l s i o n s by the B r i s t o l group. 
( D u t h i e , e t a l , 1 9 6 0 ) . From such o b s e r v a t i o n s an energy 
spectrum of the i n i t i a l n e u t r a l p i o n s was o b t a i n e d . I f 
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i t i s assumed t h a t the p a r t i t i o n of the energy of the 
p r i m a r y p a r t i c l e s between the p r o c e s s e s g i v i n g r i s e to 
n e u t r a l and charged p i o n s i s c o n s t a n t , then the s l o p e 
of the n e u t r a l p i o n spectrum i s a measure of t h a t of 
the charged p i o n spectrum. The v a l u e of the n e g a t i v e 
exponent found by the B r i s t o l group was (3.5 - 0.3) 
compared w i t h the charged pion spectrum v a l u e of 
(2.64 ± .04) d e s c r i b e d i n the p r e s e n t work and i n a g r e e -
ment w i t h P i n e e t a l . T h i s o r i g i n a l l y s u g g e s t e d t h a t 
the i n t e n s i t y of n e u t r a l p i o n s a t low momentum i s a 
f a c t o r of a p p r o x i m a t e l y 5 times t h a t which would be 
e x p e c t e d . P o w e l l ( 1 9 6 0 ) has s u g g e s t e d t h a t p r o c e s s e s 
o t h e r than i n e l a s t i c c o l l i s i o n of p r i m a r y cosmic r a y s 
may g i v e r i s e to n e u t r a l p i o n s . Other p o s s i b i l i t i e s 
which may account f o r t h i s phenomenon a r e d i r e c t inuon 
p r o d u c t i o n by the p r i m a r y cosmic r a y s ( w h i c h would 
r e l a t i v e l y i n c r e a s e the s e a - l e v e l spectrum i n t e n s i t y ) 
or n o n - c o n s t a n t e q u i p a r t i t i o n of energy between produc-
t i o n of chargedand uncharged p i o n s i n i n e l a s t i c c o l l i -
s i o n s . At l e a s t one contemporary t h e o r y of such c o l l i -
s i o n s , the i s o b a r i c model, cannot account f o r such a 
d i f f e r e n c e . 
Though the s i t u a t i o n i s not a t p r e s e n t c l e a r the 
d i f f e r e n c e s have been p a r t l y r e s o l v e d : - the e m u l s i o n work 
3 4 
r e f e r s to p r i m a r y cosmic r a y s w i t h 10 <E<10 GeV. 
78. 
B a l l o o n f l i g h t and h i g h a l t i t u d e work ( e . g . Pujimoto 
e t a l , 1960) i n the range 500<^E<1000 GeV tends to show 
a n e g a t i v e exponent of (3.4 - 0.3) and the most r e c e n t 
c o u n t e r work i n t h i s r e g i o n , above the range of the 
a u t h o r ' s work, would tend to show an exponent of approx-
i m a t e l y 3.0. 
7.3. The Sea L e v e l B i o a Spectrum 
7 . 3 . ( i ) G e n e r a l 
I t was assumed p r e v i o u s l y t h a t a l l p i o n s decay to 
muons which a r e observed a t s e a - l e v e l . However, a v e r y 
s m a l l number of p i o n s s u r v i v e as such down to s e a - l e v e l . 
A computation of the pion spectrum a t s e a - l e v e l was made 
and compared w i t h the d i r e c t l y o b s e r v e d spectrum of 
Brooke e t a l (l9&l)« From t h i s a more a c c u r a t e v a l u e of 
the a b s o r p t i o n l e n g t h was o b t a i n e d . The d i r e c t measure-
ment j u s t r e f e r r e d to was made by o b s e r v i n g those nega-
t i v e strongly i n t e r a c t i n g p a r t i c l e s , of known momentum, 
which i n t e r a c t e d i n a n e u t r o n m o n i t o r i n g p i l e . E v e n t s 
due to p i o n s were s e p a r a t e d from those due to p r o t o n s 
by o b s e r v i n g the p o l a r i t y of the i n i t i a l p a r t i c l e . 
7 . 3 . ( i i ) D e t a i l s of Computation 
T h i s f o l l o w s v e r y c l o s e l y the n u m e r i c a l s o l u t i o n of 
the d i f f u s i o n e q u a t i o n f o r cosmic r a y muons i n the atmos-
phere a l r e a d y d e s c r i b e d i n S e c t i o n s 7 . 2 . ( i i i ) and 7.2. 
( i v ) , w i t h n e c e s s a r y m o d i f i c a t i o n s t o the terms a c c o u n t i n g 
79. 
f o r momentum l o s s , s u r v i v a l p r o b a b i l i t y and p r o b a b i l i t y 
of not b e i n g l o s t by n u c l e a r i n t e r a c t i o n . The p r o c e s s 
i s shown s c h e m a t i c a l l y i n F i g . 7.3.1. 
Momentum LOBS: t h i s f o l l o w s the work of S t e r n h e i m e r ( 1 9 5 9 ) , 
b e i n g the r a t e of momentum l o s s of p r o t o n s m u l t i p l i e d by 
an a p p r o p r i a t e m a s s - r a t i o f a c t o r , and i s g i v e n i n F i g . 7.3.2. 
W i t h i n the range c o n s i d e r e d h e r e (0.5 to 100 GeV/c) the 
r a t e of momentum l o s s i s g i v e n by the f o l l o w i n g e q u a t i o n s : -
f o r 0.5 < p^. < 1.321 GeV/c: 
d P r r / d x - 2.10" 3 + 1 . 7 9 . 1 0 ~ 4 ( l n p -0.2784) 
+ 8 . 9 . 1 0 ~ 5 ( l n p> - 0 . 2 7 8 4 ) 2 . GeV/g.cm" 2. 
f o r 1.321 < p^ < 100 GeV/c: 
d P V r / d x «, 2.08.10" 3-*- 2.85.10~ 4. I n p . . «-
S u r v i v a l P r o b a b i l i t y - Owen and W i l s o n ' s e q u a t i o n i s 
a g a i n used w i t h the f o l l o w i n g c o n s t a n t s m o d i f i e d : -
h =• 7.40 Km. ( a v a l u e more c o r r e c t a t the lower l e v e l s o 
of the atmosphere where p r o d u c t i o n of the p i o n s r e a c h i n g 
s e a - l e v e l o c c u r s . ) 
T * 2.56 x 1 0 " 8 s e c 
J ( B a r k a s e t a l , 1 9 5 8 ) . 
and rn^c =139.63 MeV/c 
g i v i n g f o r the m o d i f i e d e q u a t i o n : -
l n ( p ) . -134.63 i n £ t Q . ( l ) 
p t l~t ' P S . L 
Fix p_ (Sea-level) 
V 
Calculate "Vr/dx, and aoeentiai loss over 
5 g.ca . Add lose to p. Check i f t equal 
to value for which next stage required. I f 
not* re-cycle. t 
Intervals of t as in 9.L. 
Huon Spectres Ceaputetion 
See FIG.7 .2.3. 
Using % U ) eoapute c e l l width 
correction - I 
Weighted production factor ° I I 
Survival probability - I I I 
Probability of non interaction - IV 
Hence it, attenuation constant (eensectiag 
I ^ U ) , and 4*1^(8-!,) frea t)(K « I x I I x I I I x IV) 
Fora S A a. ehere &L i s the incRSEtental intensity a l l t froa the interval in t taken. 
The fera of is already knownSection 7 s2 e 
3 I t « 
t > 15 g.ca -1 < 16 g. 
-2 
Add in l a s t c e l l correction to£ AI 
v 
(See FIG. 8.2.3. for nethod) 
Print V ( 8 e a Level )«(£ A I - ). 
est<l033 
Repeat for other required values of p sea level, 
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P r o b a b i l i t y of n o n - i n t e r a c t i o n ; - p i o n s i n t e r a c t i n g between 
f o r m a t i o n and s e a - l e v e l a r e l o s t to the s e a - l e v e l f l u x . 
The number not i n t e r a c t i n g between t and s e a - l e v e l t Q , may 
be shown to be:-
i v x / . 
by s i m p l e a b s o r p t i o n c o n s i d e r a t i o n s . 
7 . 3 . ( i i i ) F i n a l S e a - L e v e l P i o n Spectrum 
The p i o n spectrum was computed, as d e s c r i b e d , from 
the p i o n g e n e r a t i o n spectrum g i v e n i n S e c t i o n 7 . 2 . ( v i ) . 
T h i s i s shown i n F i g . 7.3.3., the measured pion spectrum 
a l s o b e i n g shown. The f a c t t h a t the s e a l e v e l p i o n 
i n t e n s i t y was d i s r e g a r d e d i n computation of the g e n e r a t i o n 
spectrum i s seen to be of l i t t l e consequence, s i n c e the 
r a t i o of p i o n to muon i n t e n s i t i e s i s i n the range 
5 . 1 0 ~ 4 < ( l T r / T J < 2.10"' w i t h i n the momentum range 
V V/3.L. 
c o n s i d e r e d . 
7 . 3 . ( i v ) D e t e r m i n a t i o n of A b s o r p t i o n Length 
The r a t i o [ I i r / x ) was p l o t t e d v e r s u s p„ T f o r th© 
1 V / S . L . S ' L -
a b s o r p t i o n l e n g t h X - 120 g.cm" and f o r the measured p i o n 
spectrum and found not to agree ( F i g . 7 . 3 . 4 . ) . The compu-
t a t i o n was r e p e a t e d f o r A =• 130 g.cm" 2 and by e x t r a p o l a -
t i o n from the two t h e o r e t i c a l c u r v e s i t was c l e a r t h a t the 
a b s o r p t i o n l e n g t h of the p r i m a r y component i n the atmos-
phere g i v i n g the b e s t f i t to the measured ^ " Y j ^ r a t i o 
was: 
A - (135 - 3) g.cm" 2 
A 
SzpsriKental Points of Brooke at a l (196l). 
Absorption Length • 130 g.oa 
Priaazy Absorption 
Length <= 120 g.oa 
11 
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7 - 3 . ( v ) I n c r e m e n t a l P r o d u c t i o n of P i o n s 
As i n the computation of the p i o n g e n e r a t i o n spectrum, 
i n c r e m e n t a l i n t e n s i t i e s of p i o n s a t v a r i o u s depths were 
o b t a i n e d and t y p i c a l c u r v e s a r e shown i n P i g . 7.3.5. I t 
can be seen t h a t p i o n s of low momentum observed a t s e a -
l e v e l a r e p r e d o m i n a n t l y produced i n the lower l e v e l s of 
the atmosphere due to t h e i r h i g h r a t e of decay. S i n c e 
the 'weighted p r o d u c t i o n f a c t o r ' , e " * ^ , i s much more 
s e n s i t i v e to change i n A when t/~\» 1, the p i o n spectrum 
i s v e r y s e n s i t i v e to changes i n X as may be seen from 
the r e s u l t s f o r the two d i f f e r e n t v a l u e s of A used i n 
computation of F i g . 7.3.4. 
7 . 3 . ( v i ) A c c u r a c y of P i o n G e n e r a t i o n Spectrum 
The pion g e n e r a t i o n spectrum d e s c r i b e d i n s e c t i o n 
7 . 2 . ( v i ) would appear to be changed by the more a c c u r a t e 
v a l u e of a b s o r p t i o n l e n g t h now determined. However, as 
a l r e a d y shown, the 'average' median depth of p r o d u c t i o n 
w i t h i n the range of momenta c o n s i d e r e d h e r e i s approx-
-2 - 1 A i m a t e l y 140 g.cm . The mean v a l u e of e i s hence 
changed from e " 1 4 0 / 1 2 0 to e " 1 4 0 / l 3 5 , a r a t i o of e " 0 ' 1 or 
a p p r o x i m a t e l y 10%. A c c u r a t e changes to be a p p l i e d to 
the p i o n g e n e r a t i o n spectrum ( a f u n c t i o n of momentum) 
were o b t a i n e d from F i g . 7.2.8., and a f i n a l p i o n g e n e r a -
t i o n spectrum f o r a mean p r i m a r y a b s o r p t i o n l e n g t h of 
135 g.cm" 2 i s shown i n F i g . 7.3.6. T h i s i s the most 
© 
i d ' 
© A Production i n each 1 g.om2 lay S.L. Pion Momentum 
CeV/c. 
a 10 ,10 
I * -'2. 
o 10 10 
Depth i n Atmosphere, g.cm. 800 1000T 
Sea Level, 1033--: 
FIG. 7. 3. 5. Incremental Production in t h n At aosphere of Pions reaching 
Sea Level, ns a Funotion of Momentum. 
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oorreoted for the modified absorption length. 
82. 
a c c u r a t e p i o n g e n e r a t i o n spectrum from the p r e s e n t work. 
83. 
Chapiter 8 
The P o s i t i v e - N e g a t i v e R a t i o 
8.1. E x p e r i m e n t a l O b s e r v a t i o n s 
8 . 1 . ( i ) G e n e r a l 
The p o s i t i v e - n e g a t i v e r a t i o of muons i s one of the 
e a s i e s t cosmic r a y p r o p e r t i e s which may be measured w i t h 
a magnetic s p e c t r o g r a p h . The number of p o s i t i v e p a r t i c l e s 
and the number of n e g a t i v e p a r t i c l e s , of known momentum, 
ar e o bserved by v i r t u e of d i f f e r e n t s i g n s of d e f l e c t i o n i n 
such an i n s t r u m e n t and the r a t i o of p o s i t i v e to n e g a t i v e 
numbers i n any s m a l l c e l l g i v e s the p o s i t i v e - n e g a t i v e r a t i o . 
The p o s i t i v e - n e g a t i v e r a t i o i s always g r e a t e r than one-
because the primary cosmic r a d i a t i o n c o n s i s t s p r e d o m i n a n t l y 
of p r o t o n s ( C h a p t e r l ) and the p o s i t i v e charge, or a p a r t 
of i t , of the i n i t i a l p r o t o n s , i s p a s s e d on to se c o n d a r y 
p a r t i c l e s produced by c o l l i s i o n s of such p r i m a r i e s . A f t e r 
c o r r e c t i o n f o r the number of pro t o n s r e a c h i n g s e a - l e v e l i t 
i s found t h a t the p o s i t i v e - n e g a t i v e r a t i o r i s e s from a 
v a l u e of n e a r l y 1 a t low momentum to a maximum of approx-
i m a t e l y 1.25 a t about 5 GeV/c, then f a l l s w i t h i n c r e a s i n g 
momentum. T h i s i s q u a l i t a t i v e l y e x p l a i n e d by the f a c t 
thatfc, a t low momentum, the muons come p r e d o m i n a n t l y from 
p r i m a r i e s w h i c h , w i t h t h e i r c o r r e s p o n d i n g s e c o n d a r i e s , h a v e 
made more than one c o l l i s i o n b e f o r e r e a c h i n g s e a - l e v e l . 
T h i s i s due to geomagnetic c u t - o f f of low energy p r i m a r i e s . 
84. 
The f a l l a t h i g h e r momenta i s e x p l a i n e d by the f a c t 
t h a t the m u l t i p l i c i t y i n c o l l i s i o n s of the p r i m a r i e s 
i n c r e a s e s w i t h momentum, d e c r e a s i n g the net e x c e s s p o s i -
t i v e charge per p a r t i c l e c a r r i e d o f f a f t e r each c o l l i s i o n . 
Both these p r o c e s s e s w i l l be c o n s i d e r e d q u a n t i t a t i v e l y i n 
the n u m e r i c a l t r e a t m e n t of p r o p a g a t i o n c o n s i d e r e d i n 
s e c t i o n 8.2. 
8.1. ( i i ) P r e v i o u s Measurements 
P r e v i o u s measurements of the p o s i t i v e - n e g a t i v e r a t i o , 
tfy a r e shown i n P i g . 8.1.1. The p o i n t s p r e s e n t e d have 
been compiled from those g i v e n by Owen and W i l s o n ( l 9 5 l ) 
and P i n e e t a l ( 1 9 5 9 ) . The l a t t e r p r e s e n t the ' p o s i t i v e 
e x c e s s 1 , ^ ; a s a f u n c t i o n of momentum. The r e l a t i o n 
number of p o s i t i v e p a r t i c l e s r e p r e s e n t e d by a s i n g l e 
p o i n t and n the number of n e g a t i v e , t h e n * ^ i s d e f i n e d 
as 
between & and i s as f o l l o w s - i f one l e t s n^. be the 
n . + n 
n n 
( i ) 
and 
n 
hence <f - 1 
d + i 
or ( i i ) e 
1 + % ( i i i ) 
E q u a t i o n ( i i i ) above was used to t r a n s f o r m ' p o s i t i v e 
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85. 
e x c e s s * c o - o r d i n a t e s to p o s i t i v e - n e g a t i v e r a t i o p o i n t s . 
8 . 1 . ( i i i ) The P o s i t i v e - N e g a t i v e R a t i o from the P r e s e n t Work 
I n a n a l y s i s of the d a t a d e s c r i b e d i n Chapter 4, 
p a r t i c l e s w i t h d e f l e c t i o n of d i f f e r i n g s i g n were r e c o r d e d 
s e p a r a t e l y . I n each c a s e the s i g n of the f i e l d i s known, 
hence the r e l a t i v e numbers of p o s i t i v e and n e g a t i v e p a r t i -
c l e s were determined. Table 8-1-1 below g i v e s the c o r r e -
l a t i o n between f i e l d , d e f l e c t i o n and charge of r e c o r d e d 
p a r t i c l e s . 
D e f l e c t i o n F i e ] Ld. H 
P o s i t i v e N e g a t i v e 
+ -+• -
- - 4-
Charge of p a r t i c l e 
f o r d e f l e c t i o n s t a t e d 
Table 8-1-1. 
From r e l a t i v e numbers of p a r t i c l e s of e i t h e r charge 
i n each c a t e g o r y the r e l a t i o n between c a t e g o r y and p o s i t i v e -
n e g a t i v e r a t i o was defined. Category v a l u e s were c o n v e r t e d 
to momentum v a l u e s using the method d e s c r i b e d i n s e c t i o n 4.4, 
and were c o r r e c t e d f o r momentum l o s s i n the upper h a l f of 
the s p e c t r o g r a p h as d e s c r i b e d i n s e c t i o n 4.8. 
8.1. ( i v ) C o r r e c t i o n f o r Proton Component 
I t may be shown t h a t the c o r r e c t i o n to the p o s i t i v e -
n e g a t i v e r a t i o f o r a known f r a c t i o n of p r o t o n s , f , i n the 
s e a - l e v e l f l u x , i s g i v e n by:-
d muons - O b s e r v e d * U - f ) - f ( i v ) 
86. 
A p p r o p r i a t e v a l u e s of f f o r the v a r i o u s s e r i e s were 
o b t a i n e d from F i g . 4.6.3. (Based on M y l r o i and Wilson's, 
r e s u l t s ) . 
8 . 1 . ( v ) F i n a l E x p e r i m e n t a l R e s u l t s 
A p l o t of c o r r e c t e d p o s i t i v e - n e g a t i v e r a t i o a g a i n s t 
momentum was then drawn. The f r a c t i o n a l e r r o r i n each 
p o i n t was taken to be:-
where N i s the t o t a l no. of p a r t i c l e s . T h i s i s the r e s u l t 
of combining n^."^-, n the f r a c t i o n a l s t a t i s t i c a l e r r o r 
i n each of the two b a s i c q u a n t i t i e s u s e d . The c u r v e 
o b t a i n e d i s shown i n F i g . 8.1.2., w i t h the c u r v e of Owen 
and Wilson ( l 9 5 l ) f o r r e f e r e n c e . 
8.2. I n t e r p r e t a t i o n of the P o s i t i v e - N e g a t i v e Ratie> 
8 . 2 . ( i ) Terminology 
L e t p ^ be the s e a l e v e l momentum of muons of any g i v e n 
momentum 
p^ be the c o r r e s p o n d i n g p i o n momentum a t depth t 
i n the atmosphere 
p ' be the g e n e r a t i o n momentum of f i r s t g e n e r a t i o n 
p i o n s h a v i n g momentum p ^ a t t . 
p 1 1 be the g e n e r a t i o n momentum of second g e n e r a -
-h n 2N 
t i o n p i o n s , i n t e r a c t i n g once b e f o r e y i e l d i n g 
p i o n s of momentum p^- a t t . 
E p« be the energy of p r i m a r y cosmic r a y s g e n e r a t i n g 
p i o n s of momentum p^' ( l s t g e n e r a t i o n ) 
1 20 -
i v * ? - "><"i t i v c R « t i o , e 
l.Cw 
J 3 e r i e r . L I I'-nd L I I r o!. b i n e i: . 
S e r i e u V.^ ( n c l e n d ) . 
S e r i e s f.^ ( 2 m . l e a d ) . 
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be the energy of pr i m a r y cosmic r a y s gener-
a t i n g p l o n s of momentum p " (2nd g e n e r a t i o n ) 
(f ' R a t i o of numbers of p o s i t i v e and n e g a t i v e 
g " muons r e a c h i n g s e a - l e v e l , coming from 1 s t 
and 2nd g e n e r a t i o n c o l l i s i o n s of p r i m a r i e s 
r e s p e c t i v e l y . 
d ^ R a t i o of number of p o s i t i v e to n e g a t i v e 
muons a t any depth t . 
I 1 I n t e n s i t i e s of pr i m a r y cosmic r a y s a t 
P 
j „ p r o d u c t i o n l e v e l s of p i o n s of f i r s t and 
P 
second g e n e r a t i o n s r e s p e c t i v e l y , 
e - Average i n e l a s t i c i t y of p r i m a r y cosmic r a y 
c o l l i s i o n s , i . e . f r a c t i o n of energy i n 
each c o l l i s i o n not c a r r i e d o f f by the 
c o l l i d i n g p a r t i c l e , u s u a l l y g e n e r a t i n g 
s e c o n d a r y p a r t i c l e s . 
K - C o n s t a n t i n F e r m i ' s m u l t i p l i c i t y law f o r 
i n e l a s t i c c o l l i s i o n . 
( K e ) Complex c o n s t a n t i n F e r m i ' s m u l t i p l i c i t y 
law, used g e n e r a l l y i n computation s i n c e 
K and e a r e not i n i t i a l l y e a s i l y s e p a r a t e d . 
8 . 2 . ( i i ) G e n e r a l 
The p o s i t i v e - n e g a t i v e r a t i o of cosmic r a y muons 
i s not ea s y to i n t e r p r e t t h e o r e t i c a l l y . P r e v i o u s 
a t t e m p t s have been made by Y e i v i n (1955) whose work 
88. 
shows t h a t , i f F e r m i ' s m u l t i p l i c i t y law 
I ( F e r m i 1 9 5 l ) ( i ) 
i s t r u e , then the s l o p e of the p r i m a r y spectrum i s 2.15, 
a l t e r n a t i v e l y i f the s l o p e of the d i f f e r e n t i a l p r i m a r y 
spectrum i s t a k e n to be 2.44 ( a r e a s o n a b l e mean v a l u e 
i n the p r i m a r y range 10<E p<100 GeV") then the m u l t i p l i c i t y 
i s g i v e n by a law:-
i - K E 0 ' 2 1 
N e i t h e r of t h e s e two r e s u l t s would appear to be s a t i s f a c -
t o r y . P i n e e t a l used the p o s i t i v e - n e g a t i v e r a t i o to 
y i e l d i n f o r m a t i o n about the i n e l a s t i c i t y , e, of the p r i -
mary c o l l i s i o n s . An a l t e r n a t i v e n u m e r i c a l approach, 
f o l l o w i n g and f u r t h e r to the computations d e s c r i b e d i n 
Chapter 7 was used h e r e to g i v e s i m i l a r r e s u l t s c o n c e r n i n g 
m u l t i p l i c i t y and i n e l a s t i c i t y . 
8 . 2 . ( i i i ) Computation of T h e o r e t i c a l P o s i t i v e - N e g a t i v e 
R a t i o 
The g e n e r a l method was to u s e the known i n c r e m e n t a l 
i n t e n s i t i e s , a i ^ , of muons a t s e a - l e v e l , coming from each 
l a y e r of the atmosphere, a l r e a d y found i n the way d e s c r i b e d 
i n Chapter 7, to f i n d a weighted mean p o s i t i v e - n e g a t i v e 
r a t i o f o r the p a r t i c u l a r s e a - l e v e l momentum p^,. Known 
v a l u e s of p^ were used to compute v a l u e s of E ^ ' and E^' 1. 
I t i s r e a s o n a b l e to assume t h a t some p i o n s a t each l e v e l 
come from second g e n e r a t i o n c o l l i s i o n s s i n c e r e - g e n e r a t i o n 
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a c c o u n t s f o r the d i f f e r e n c e i n the a b s o r p t i o n and i n t e r -
_ p 
a c t i o n l e n g t h s of p r i m a r i e s - 150 and 70 g.cm r e s p e c -
t i v e l y . A l s o , s i n c e the d i f f e r e n t i a l p r i m a r y spectrum 
has a s t e e p n e g a t i v e s l o p e of power 2.44', i t i s r e a s o n a b l e 
to n e g l e c t the i n t e n s i t y of g e n e r a t i o n s h i g h e r than 
second. The i n f l u e n c e of second g e n e r a t i o n c o l l i s i o n s 
was found to be s m a l l i n the p r e s e n t c o m p u t a t i o n s . 
From computed v a l u e s of E ' and E ", c o r r e s p o n d i n g 
P P 
v a l u e s of <f a t each t were found, o" and cr" r e s p e c t i v e l y , 
and a weighted mean cr a t each l e v e l , C t found u s i n g : -
^ ^ <f x I x M ° t two g e n e r a t i o n s p r i m a r y 
^ I x H two g e n e r a t i o n s , p r i m a r y 
( i i ) 
where M i s a f a c t o r t a k i n g i n t o account the number of 
p r i m a r i e s i n t e r a c t i n g a t each l e v e l and m u l t i p l i c a t i o n 
i n c o l l i s i o n . 
A weighted mean v a l u e of ^ a t s e a - l e v e l over the 
v a l u e s of & was found from the r e l a t i o n s h i p : -
a , l j = 0<t<1033 x i x 
" 2 A I ( i i i ) 
0<t<1033 ' 
F i g . 8.2.1. shows the g e n e r a l scheme - the way i n which 
Ep' and E ^ " a t a p p r o p r i a t e l e v e l s were found, and F i g . 
8.2.2. a f l o w - s h e e t f o r the mode of computation of d a . JJ • 
The f o l l o w i n g a s s u m p t i o n s were used i n the computation:-
Primary Energy i 
2nd E 
/////////////////#////•////./# 
r 
Formation layers of 
pions giving unions 
from generation 
stated • £ 1st E 
Weighted mean - - t " 
or found here frmm 
70 gocm -2 
I • I ^innnmninnknn))/ h a v e m o , n e n t l " Br a t L J Decay layer of pions to Huons. _2 1 g.on layer-pions forned ^efs P 
ho+h generation processes 
considered 
q- here assumed to be 
unaffected by momentum 
loss of muons 
/ / / / / / / / - J 7 ~ 7 7 " Sea Level 
FIG. 8.2.1. General Scheme for Numerical Computation of Sea-Level 
Positive-Negative Ratio 
R is mean pion range between generation and decay 
Fix (Sea le v e l ) 
Data froa computations 
m 
described i n Chapter 7. 
I I 
Read t , p ( t ) , A 1^(0 
A 
Calculate nean pion range, R^ . 
Hence f i n d p^. (generation) 
Subtract 70 from t . 
Find E (generation) 
for 2nd generation pions 
Re-cycle 
t 
Find E p (generating), A I E p 
(generating),?, hence <r, 
assuning average excess at 
positive charge of \ per c o l l i s i o n 
Pore 
and 
£ 
... denotes cycle. Find <f (weighted aeon) 
at t giving p., at Sea-level, 
from IB. 
SI, Ep 
Fora:- £ <r V.H x A^ 
over t £ A L 
over t and J ^Repeat,-t > 1 _____ -2 5g.ca —' 
Add i n l a s t c e l l correction to £'s 
See Fig. 7.2.3. f o r d e t a i l s . 
£ (T W.M. x A I , 
Find<r s L fron A l l t 
a l l t ^ 
P r i n t p^ S.L, O-W.H at Sea Level 
FIG. 8.2.2c Flowsheet for Positive-Negative Ratio Computation. 
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Charge E x c e s s - i t has been assumed t h a t the p r i m a r y 
cosmic r a d i a t i o n c o n s i s t s p r e d o m i n a n t l y of p r o t o n s . 
When i n e l a s t i c c o l l i s i o n s o c c u r between such p r o t o n s and 
a t m o s p h e r i c n u c l e i i t i s assumed t h a t a net e x c e s s p o s i -
t i v e charge of 4" (* proton c h a r g e ) i s c a r r i e d o f f , the 
o r i g i n a l proton h a v i n g equal p r o b a b i l i t i e s of emerging 
as a charged o r n e u t r a l p a r t i c l e . I n second g e n e r a t i o n 
c o l l i s i o n s i t has been assumed t h a t the r e l a t i v e numbers 
of p o s i t i v e l y , n e g a t i v e l y and uncharged p a r t i c l e s remain 
c o n s t a n t , i . e . the o r i g i n a l p o s i t i v e e x c e s s of \ remains 
but i s d i s t r i b u t e d amongst a l a r g e r number of p a r t i c l e s , 
d e c r e a s i n g the o v e r a l l p o s i t i v e e x c e s s . T h i s f o l l o w s the 
work of Y e i v i n and P i n e , d i s found as f o l l o w s - i f I 
charged p a r t i c l e s a r e produced i n an i n e l a s t i c c o l l i s i o n , 
of which m/2 have n e g a t i v e c h a r g e , m/2+-£ p o s i t i v e c h a r g e , 
then the r a t i o of p o s i t i v e to n e g a t i v e p a r t i c l e s i s : -
6 = m/2H 
m/2 
( i v ) 
m 
M u l t i p l i c i t y - t h i s i s assumed to r i s e as a g i v e n power 
of the i n e l a s t i c c o l l i s i o n energy, f o l l o w i n g Fermi -
see e q u a t i o n 8 . 2 . ( i ) . ( K e ) has been r e g a r d e d as a 
composite c o n s t a n t h a v i n g v a l u e s d e s c r i b e d l a t e r . The 
p a r t i c l e s produced i n an i n e l a s t i c c o l l i s i o n a r e a l l 
assumed to have the same energy i n the c e n t r e of mass 
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system. T h i s i s a r e a s o n a b l e assumption when a l a r g e 
number of c o l l i s i o n s a r e c o n s i d e r e d . K i s then t a k e n 
to be the c o n s t a n t r e f e r r i n g to g e n e r a t i o n of charged 
p a r t i c l e s o n l y . 
P r i m a r y Energy - i f F e r m i ' s m u l t i p l i c i t y law -
m « (Ke)E^", 
h o l d s , then the energy of a primary g i v i n g r i s e to m 
s e c o n d a r i e s each of energy E i s g i v e n by:-
s 
E B D I E p s 
or En = (KeE ) 4 / 5 , ( v ) 
on s u b s t i t u t i n g f o r m. 
Second G e n e r a t i o n - The energy of primary p a r t i c l e s g i v i n g 
second g e n e r a t i o n muons was found by s i m p l y r e g a r d i n g the 
f i r s t g e n e r a t i o n p r i m a r y energy E ^ 1 as t h a t of sec o n d a r y 
p a r t i c l e s from a h i g h e r c o l l i s i o n a t a depth of one i n t e r -
a c t i o n l e n g t h (70 g.cm~ ) l e s s i n the atmosphere. 
The p r i m a r y cosmic r a y spectrum was taken to be of the 
form:-
I .dp- = K E " 2 * 4 4 dp ( v i ) F P 
-2.4  
y 
(K c a n c e l l i n g i n the e x p r e s s i o n f o r o b t a i n i n g a weighted 
mean. The exponent -2.44 i s a mean v a l u e over the range 
K E p < 1 0 3 GeV, a f t e r R o s s i , ( 1 9 6 0 ) ) . 
Geomagnetic C u t - o f f of P r i m a r i e s - f o l l o w i n g S i n g e r (1958) 
and R o t h w e l l e t a l ( 1 9 5 8 ) , i t was found t h a t c u t - r - o f f of 
the p r i m a r i e s o c c u r s a t an energy of 1.3 GeV f o r the 
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g e o g r a p h i c l a t i t u d e of Durham (55°N). T h i s c u t - o f f was 
i n c l u d e d i n the computation - when a p r i m a r y energy of 
l e s s than 1.3 GeV was encou n t e r e d the next g e n e r a t i o n 
was c o n s i d e r e d as g i v i n g r i s e to the muons ob s e r v e d . 
T h i s i s not s t r i c t l y t r u e , s i n c e some low energy muons 
come from h i g h energy c o l l i s i o n s ( n o n - e q u i p a r t i t i o n of energy 
amongst the s e c o n d a r i e s ) , but i s c o n s i d e r e d s u f f i c i e n t l y 
a c c u r a t e f o r t h i s t r e a t m e n t . The h i g h e s t g e n e r a t i o n of 
c o l l i s i o n s c o n s i d e r e d because of t h i s c r i t e r i o n was the 
f o u r t h . 
The i n t e r a c t i o n l e n g t h of the pr i m a r y and i n t e r a c t i n g 
_ p 
s e c o n d a r y cosmic r a y s was taken to be 70 g.cm 
C o r r e c t i o n f o r P i o n Path - between g e n e r a t i o n and decay 
the p i o n s t r a v e r s e a s m a l l t h i c k n e s s of atmosphere. 
The p i o n s a r e assumed to have a mean r a n g e y c f cm. ( s e e 
Appendix A.7.1.3) b e f o r e decay. I f an i s o t h e r m a l atmos-
phere i s assumed ( Appendix A.7.1.2) then the d e n s i t y 
of a i r , ^ , i s g i v e n by:-
f ~ k ' w n e r e n 0 = 7.02 Km, an' average v a l u e over 
0 the whole atmosphere 
or p t r. g.cm"^ ( v i i ) 
J ~ 7 . 0 2 x l 0 5 
Hence the mean depth t r a v e r s e d by the p i o n between 
g e n e r a t i o n and decay w i l l be:-
A t = S J 
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/ y 4 l 4 a ) 
\ 1.02x10? I 
g. cm ( v i i i ) 
V a l u e s of Ke chosen - an approximate v a l u e of ( K e ) was 
found from the work of B a r r e t t e t a l , (1952) i n which 
800 GeV muons a t s e a - l e v e l a r e a s s o c i a t e d w i t h p r i m a r i e s 
of 4 x l 0 4 GeV. g i v i n g a v a l u e of (Ke) = 2.8. 
The computations were then c a r r i e d out u s i n g these 
a s s u m p t i o n s w i t h the r e s u l t t h a t a c u r v e of v e r s u s p> 
was o b t a i n e d below the observed c u r v e . The computations 
were then r e p e a t e d f o r values</(Ke) of 1.2 and 2.0. 
A c t u a l v a l u e s of ( K e ) c o n s i s t e n t w i t h the observed curve 
were then o b t a i n e d g r a p h i c a l l y by i n t e r p o l a t i o n between 
the known v a l u e s . 
8 . 2 . ( i v ) Comparison Between Experiment and Theory 
F i g u r e 8.2.3. shows the t h e o r e t i c a l c u r v e s and 
e x p e r i m e n t a l c u r v e s p l o t t e d on the same s c a l e . I t i s 
c l e a r t h a t ( K e) i s not c o n s t a n t wi th v a r i a t i o n of s e a -
l e v e l muon momentum. V a l u e s of (Ke) and p^. have been 
t a b u l a t e d i n t a b l e 8-2-1 t o g e t h e r w i t h v a l u e s of the 
median E c o r r e s p o n d i n g to p„. Median v a l u e s of t and P r 
were o b t a i n e d from the r e s u l t s of the computations 
d e s c r i b e d i n C h a p t e r 7 ( F i g . 7 . 2 . 7 ) , and p^. c o n v e r t e d 
to c o r r e s p o n d i n g E ^ , c o n s i d e r i n g i n t e r a c t i o n a t the 
median depth. T h i s i s only approximate but g i v e s a 
guide to the v a r i a t i o n of (Ke) and m w i t h E p . These 
a r e shown g r a p h i c a l l y i n F i g . 8.2.4. 
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Comparison of m w i t h the work of I s h i k a w a and Haeda 
(1958) leads one t o conclude t h a t the i n e l a s t i c i t y i s o f 
the o r d e r of 0.3 a t 20 GeV, f a l l i n g t o an a p p r o x i m a t e l y 
c o n s t a n t v a l u e of 0.25 above 50 GeV. The observed f a l l 
i n i n e l a s t i c i t y w i t h energy i s a l s o as would be expected 
from work p u b l i s h e d by P r e t t e r , ( 1 9 6 0 ) . F u r t h e r support 
t o these c o n c l u s i o n s i s g i v e n by:-
( 1 ) the work of Edwards et a l (1958) and Paradzei e t a l 
( 1 9 5 8 ) , which combined suggest a mean m u l t i p l i c i t y of 
about 10 a t 100 GeV, and 
( 2 ) Fine e t a l , who s t a t e t h a t e i s ^ 0.3. 
Values of K, i n Fermi's e q u a t i o n , separated from e 
assuming the form f o r e g i v e n by Ishikawa and Maeda, are 
a l s o shown i n F i g . 8.2.4. 
9 6 . 
Chapiter 9. 
C o r r e l a t i o n w i t h Underground Measurements 
9.1. Nature of C o r r e l a t i o n 
A f u r t h e r check on the accuracy of the r e s u l t s i s 
g i v e n by a comparison between the i n t e g r a l spectrum 
a l r e a d y d e s c r i b e d ( S e c t i o n 4.13) ( c o n v e r t e d t o a p l o t of 
i n t e n s i t y versus depth i n r o c k ) and the a c t u a l experimen-
t a l depth i n t e n s i t y curve. Such a check has been performed 
by many p r e v i o u s workers, e.g. Fine e t a l . 
I n order t o c o n v e r t the i n t e g r a l intensity/momentum 
spectrum t o an i n t e n s i t y / r a n g e curve i n rock t h e r e l a t i o n 
between momentum and range i n rock must be known. Ashton 
( l 9 6 l ) has used a comparison between the i n t e g r a l range 
( r o c k ) spectrum and the d e p t h / i n t e n s i t y curve t o check 
the range/momentum r e l a t i o n s h i p p r e d i c t e d by t h e o r y , and 
found reasonable agreement. The b a s i c t h e o r y reviewed by 
Ashton has been taken t o be c o r r e c t as i t s t a n d s , and a 
s l i g h t a d d i t i o n made. 
9.2. The Range-Momentum R e l a t i o n s h i p , f o r Huon3 i n Rock 
Rock 
I t i s con v e n i e n t t o work i n terms o f a range-energy 
r e l a t i o n s h i p , then c o n v e r t energy t o momentum where 
necessary. ( A t momenta> 1 GeV/c, E £ p c t o b e t t e r than 
0.2%). The range energy r e l a t i o n s h i p i s o b t a i n e d by 
i n t e g r a t i n g the r a t e of energy l o s s o f muons i n r o c k , 
97. 
i . e . e 
EE = I (dE/dx) ' d E 
I t i s thus necessary t o d e f i n e dE/dz. The r a t e of energy 
l o s s has been c o n s i d e r e d by many p r e v i o u s workers -
n o t a b l y by Bethe (1950, 1932, 1937) and Bloch (1933), 
Bhaba (1938), Massey and Corben (1939) ( i o n i s a t i o n l o s s 
f o r m u l a ) , Halpern and H a l l (1940, 1948) ( d e n s i t y e f f e c t 
c o r r e c t i o n ) , Sternheimer (1956 and 1959) (improved i o n i -
s a t i o n l o s s c a l c u l a t i o n s ) , George (1952) ( r e v i e w of modes 
of energy l o s s ) and Ashton. The r a t e of energy l o s s i s 
the sum of the components due t o : -
( i ) I o n i s a t i o n 
( i i ) Bremstrahlung 
( i i i ) P a i r P r o d u c t i o n 
( i v ) Nuclear I n t e r a c t i o n 
( v ) Cerenkov R a d i a t i o n . 
With the e x c e p t i o n of the n u c l e a r i n t e r a c t i o n com-
ponent, the f i g u r e s quoted f o l l o w Ashton ( l 9 6 l ) . 
( i ) I o n i s a t i o n 
F o l l o w i n g Bethe and B l o c h , and Halpern and H a l l 
U E / d x ) i o n = 2/y*-NZ.r o 2 l n 
(3 2.A [ " • " * - & - ; ) * - > } 
= 1.51 +• 0.0766. I n 4- i ^ E m' J 2 - i | 
MeV/g.cm^2 f o r r o c k , ( i ) 
E 2 
where E ' = /—r—„ V. , the maximum t r a n s f e r a b l e energy. 
( E 2 + M f c f 
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( i i ) B remstrahlung 
( d E / d r ) b r e m > = 1.5 x 10-7E^lnY"\j - 0.23^ 
Mev/g.cm~2 ( i i ) 
( i i i ) P a i r P r o d u c t i o n 
(dE/dar.) = 1.6.10T6E. MeV/g.cm - 2 ( i i i ) P • P« 
( i v ) Nuclear I n t e r a c t i o n 
P r evious workers have assumed a c o n s t a n t f r a c t i o n 
o f E, v i z . 0.5 x lO'^E, f o r t h i s . However, r e c e n t work 
by Murdoch e t a l has shown t h i s not t o be a c c u r a t e , and 
they g i v e f o r the f o l l o w i n g , f o r r o c k : -
( d E / d x ) n u c l e a r " [\ " ft j ' E ' ^ / g . c m ' 2 ( i v ) 
where ^  i s the f i n e s t r u c t u r e c o n s t a n t , i . e . 1/136.7, 
23 
N i s Avagadro's number, 6..023 x 10 , 
— 28 2 
and d i s the p h o t o n u c l e a r c r o s s - s e c t i o n . 10 cm s 
a c c o r d i n g t o Fowler and Wolfendale, ( 1 9 5 8 ) . 
( v ) Cerenkov R a d i a t i o n 
The n a t u r e of t h i s , and the mode i n which p o l a r i s a -
t i o n i s e f f e c t e d has been d e s c r i b e d by J e l l e y ( 1 9 5 8 ) . 
George i n c l u d e d a separate term i n (dE/dx) t o account f o r 
the energy l o s s due to t h i s type of r a d i a t i o n , a c t u a l l y 
0.1 I n E MeV/g.cm~ w i t h E i n GeV, but s e v e r a l workers, 
( e . g . Sternheimer) b e l i e v e t h a t t h i s has a l r e a d y been 
accounted f o r i n the term f o r i o n i s a t i o n l o s s . I f the 
c o l l i s i o n s a t h i g h energy are regarded as i n d i r e c t r a t h e r 
than d i r e c t ; p r o d u c i n g momentary p o l a r i s a t i o n r a t h e r than 
99. 
i o . n i s a t i o n , t h i s may be seen t o be the case ( t h e impact 
parameters are r e l a t i v e l y much s m a l l e r ) . No separate 
term f o r Cerenkov r a d i a t i o n has been i n c l u d e d i n the 
pTesent work. The f i n a l e q u a t i o n fotr ( d E / d x ) ^ o t a ^ i s 
seen t o be the sum of the separate components above. 
( i ) - ( i v ) . 
F o l l o w i n g Ashton, the i n t e g r a t i o n was performed by 
d i v i d i n g i t i n t o two p a r t s t - ^ 
o I 
t The range of 1 GeV p a r t i c l e i n r o c k , i . e . 
1 -2 (dE/dx) * d E ' i s * a k e : n t o ^ e 545 g.cm f o l l o w i n g 
Sternheimer. Sternheimer's f i g u r e o n l y takes i n t o account 
i o n i s a t i o n l o s s , but i s q u i t e a c c u r a t e s i n c e the o t h e r 
modes of energy l o s s are i n s i g n i f i c a n t below and a t 1 GeV. 
The terms of (dE/dx) and i n t e g r a t i o n over the range 
4 
1 t o 10 GeV were e v a l u a t e d u s i n g the e l e c t r o n i c computer 
( t r a p e z o i d a l r u l e f o r i n t e g r a t i o n ) . The r e s u l t i s shown 
i n F i g . 9.2..1. 
9.3. The I n t e g r a l Range Spectrum and the D e p t h - I n t e n s i t y 
Curve 
The i n t e g r a l range spectrum was o b t a i n e d by c o n v e r t -
i n g the i n t e g r a l momentum spectrum ( S e c t i o n 4 . 1 3 ) ; c o n v e r t -
i n g momentum t o c o r r e s p o n d i n g range u s i n g the r e l a t i o n s h i p ' 
d e s c r i b e d . I n t e n s i t y versus momentum i s shown i n F i g . 9.3 
and i n t e n s i t y as a percentage of t h a t above 199 g.cm 2 
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i n P i g . 9.3.2. The d e p t h - i n t e n s i t y curve and i n t e g r a l 
range spectrum were p l o t t e d as a s e r i e s of p o i n t s on the 
same graph ( F i g . 9.3.3.). No n o r m a l i s a t i o n was found t o 
be necessary - the curves e f f e c t i v e l y b e i n g c o i n c i d e n t 
a t zero depth. Pine et a l found n o r m a l i s a t i o n a t 
4 -2 
10 g.cm necessary. Depth was measured t h r o u g h o u t i n 
_ 2 
u n i t s of g.cm of r o c k : the much used ambiguous term 
'metres of water e q u i v a l e n t ' was a v o i d e d , s i n c e the mean 
atomic number, Z, and mean atomic w e i g h t , A, of rock o r 
o t h e r absorber i s not the same as t h a t of water - s l i g h t 
c o r r e c t i o n t o the components of (dE/dx) i s necessary i n 
c o n v e r s i o n . (For the d i f f e r i n g Z/A values e n t e r i n g i n t o 
c e r t a i n c o n s t a n t terms f o r dE/dx, e.g. see e q u a t i o n 9 . 2 ( i ) , 
a l s o Pine e t a l ) . 
The data of Ehmert (1937) were a c t u a l l y measured 
under water and were c o n v e r t e d t o e q u i v a l e n t depth i n rock 
_2 
by m u l t i p l y i n g the depth i n water i n g.cm by 1..19» a 
f a c t o r c o n s i s t e n t w i t h the work of Clay (1939). The data 
due t o o t h e r workers, n o t a b l y Pine e t a l ; B a r r e t t e t a l 
(1952); B o l l i n g e r (1951); Randall and Hazen ( l 9 5 l ) ; 
Wilson (1933) and Avan and Avan (1955) was used t o d e f i n e 
the depth i n t e n s i t y r e l a t i o n , as shown. 
The p l o t shows good agreement between the depth-
i n t e n s i t y curve and i n t e g r a l range spectrum, t h i s l e a d i n g 
t o a c o n c l u s i o n t h a t the s e a - l e v e l spectrum, momentum-
range r e l a t i o n s h i p , and d e p t h - i n t e n s i t y curve-are con-
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s i s t e n t . Ashton (1959 and 1 9 6 l ) found s i m i l a r agreement 
u s i n g ( i ) a s l i g h t l y s i m p l e r t r e a t m e n t f o r energy l o s s 
( s i m p l e r n u c l e a r i n t e r a c t i o n term) and hence range-
momentum r e l a t i o n s h i p , and ( i i ) the momentum spectrum 
as p u b l i s h e d i n 'Nature' ( l 9 6 o ) , i . e . n e g l e c t i n g many of 
the c o r r e c t i o n s a t low momentum d e s c r i b e d i n the pr e s e n t 
work. 
One f u r t h e r f a c t o r connected w i t h t h i s work i s 
worthy of mention. F l u c t u a t i o n s i n momentum l o s s and 
t h e r e f o r e i n range occur f o r p a r t i c l e s of any g i v e n 
momentum a t s e a - l e v e l , when p e n e t r a t i n g the e a r t h . 
B o l l i n g e r (1950, 1 9 5 l ) has co n s i d e r e d t h i s problem and 
a p p l i e d Monte-Carlo methods f o r such f l u c t u a t i o n s t o 
f i n d the net e f f e c t on the shape of the d e p t h - i n t e n s i t y 
c urve. These were found to be of n e g l i g i b l e magnitude, 
as v e r i f i e d by the good agreement between the observa-
t i o n s a l r e a d y d e s c r i b e d . Such f l u c t u a t i o n s have i n c r e a s e d 
e f f e c t a t h i g h ranges when the number of underground 
p a r t i c l e s i s r e l a t i v e l y l o w e r , and may p o s s i b l y j u s t be 
becoming s i g n i f i c a n t i n the upper r e g i o n of the range^ 
c o n s i d e r e d h e r e . ( T h e i r importance i n c r e a s e s w i t h the 
s t a t i s t i c a l accuracy of the s e a - l e v e l range spectrum). 
102. 
Chapter 10 
Conclusions. 
10.1. Present Work 
The s e a - l e v e l s p e c t r a of the hard component of 
cosmic rays are the i m p o r t a n t i n i t i a l data r e q u i r e d i n 
orde r t o c o n s i d e r i n t e r a c t i o n s and o t h e r p r o p e r t i e s of 
the r a d i a t i o n . The r e s u l t s presented g i v e a c c u r a t e 
measurements of the ground l e v e l s p e c t r a of the hard 
component a t Durham, 198 f e e t above s e a - l e v e l , t o an 
accuracy b e t t e r than 1.5%, i n the momentum range 0.4 to 
10 GeV/c. 
The d i f f e r e n t i a l momentum spectrum i n the momentum 
range 1 t o 1000 GeV/c has been p u b l i s h e d by the group 
(Ashton e t a l 1960) and i s shown i n F i g . 10.1.1. That 
s e c t i o n above 10 GeV/c i s complementary t o the present 
Wvork. 
The i n v e s t i g a t i o n of b i a s due t o r e j e c t e d m u l t i p l e 
events has shown t h a t the b i a s due t o knock-on e l e c t r o n 
events and low d e n s i t y accompanied muon events i s s m a l l -
a p p r o p r i a t e c o r r e c t i o n s f o r the former have been made. 
I t seems l i k e l y t h a t those events g i v i n g r i s e t o a dense 
shower i n the apparatus are a s s o c i a t e d w i t h v e r y h i g h 
p r i m a r y e n e r g i e s , and hence secondary muons ( o r p l o n s ) 
of momentum above 10 GeV/c - hence they w i l l c o n t r i b u t e 
no b i a s w i t h i n the range c o n s i d e r e d . I t i s t h e r e f o r e 
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concluded that t h i s work presents the most accurately 
known d i f f e r e n t i a l spectrum of the hard component of 
cosmic r a d i a t i o n at sea-level i n the momentum range 
0.4 to 10 GeV/c. (Pig. 5.7.1.). 
Assuming tha t the sea-level hard component co n s i s t s , 
to a l l p r a c t i c a l purposes,of only muons, r e s u l t i n g from 
decay of cosmic ray pions, a generation spectrum f o r 
cosmic ray pions has been found. This f o l l o w s a propa-
gation model considering d i s t r i b u t e d pion production 
through the atmosphere - accurate to the accuracy of tho 
parameters used i n computation - to b e t t e r than 10$ i n 
a l l . The f i n a l pion generation spectrum i s shown i n 
Pig. 7.3.6., and may be c l o s e l y represented by a law of 
the form:-
l(p^ ).dP-«- a A.pw~'.dp--. 
where A, are given by:-
A - 1.82.10~ 4^Vj 0 , 7 1 2 f o r 0.6<Pit.<4.0 GeV/c 
A « 1.82.10"4 f o r p^4.0 GeV/c 
and £ - 2.64 (constant) 
This generation spectrum has been used to compute the 
sea-level spectrum of pions, f o r varying absorption 
lengths, a best f i t to the experimentally observed 
spectrum being obtained f o r 
\ - (135 ± 3)g.cm" 2. 
absorption 
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This value, an 'average' value over the momentum range 
0.6<p <15 GeV/c, i s not in c o n s i s t e n t wi t h other published 
value s. 
The muon pos i t i v e - n e g a t i v e r a t i o has been i n t e r p r e t e d 
to give the m u l t i p l i c i t y of high energy primary component 
c o l l i s i o n s , m, as a f u n c t i o n of primary energy, E^, also 
to give values of the constant (Ke) i n Fermi's m u l t i p l i c i t y 
equation: 
i m - (Ke)E 7 P 
(Ke) i s shown as a f u n c t i o n of momentum i n Fi g . 8.2.4. By 
comparison of m with that given by the work of Ishikawa 
and Maeda (1958), one f i n d s that the i n e l a s t i c i t y i n such 
c o l l i s i o n s decreases from 0.30 at 20 GeV primary energy to. 
a value of 0.25 at 50 GeV. Corresponding values of K from 
(Ke), separated from e, are also given i n Fig. 8.2.4. 
F i n a l l y , another independent check on the correctness 
of the spectrum i s given by the good agreement between the 
observed depth i n t e n s i t y curve, and the i n t e g r a l range 
spectrum, deduced from the i n t e g r a l momentum spectrum 
using the range-energy r e l a t i o n s h i p ( F i g . 9.3.3.). A l t e r -
n a t i v e l y , t h i s implies t h a t the assumed rate of energy 
loss i s c o r r e c t . 
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Appendix A.3.8.1. 
For terminology and a t y p i c a l t r a j e c t o r y please r e f e r 
to F ig. 3.8.9. The t r a j e c t o r y i s not s t r a i g h t f o r low 
momentum, but an arc of a c i r c l e . I t can be seen t h a t : -
RKS = ( l A / s i n ^/2) x j> 
and RTS = 21. 
' A Hence the f r a c t i o n a l c o r r e c t i o n , 
* " - RTS m l £ _ _ «L£ 
RKS \ 2 s i n (f>/2 ) ~ ^ 
Typical values of t h i s are as f o l l o w s : -
^2/24, fo 
0..1 O.Ofr 
0.2 0.16 
0.3 0.37 
The maximum c o r r e c t i o n f o r a curved t r a j e c t o r y , w i t h i n 
the range of angular d e f l e c t i o n used, i s thus 0.37^, which 
may be neglected. 
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Appendix A.4.3.1. 
S t a t i s t i c a l Formula f o r Correction of Photographic Records 
f o r Superimposed Pulses. 
For any given category:-
Let observed rate of p a r t i c l e s be r per frame 
n true " " " " R " " 
Assume R, r both-«l, and N, the number of frames, l a r g e , 
» 1 . 
I f two p a r t i c l e s of the same category occur, they 
are observed as one. Thus r i s equal to the sum of the 
p r o b a b i l i t i e s of each possible number of superimposed 
p a r t i c l e s being observed (Each case of superimposed 
p a r t i c l e s being read as one event). Thus r = sum of 
p r o b a b i l i t i e s of observing 1, 2, 3 .... p a r t i c l e s . 
From theory of a Poisson d i s t r i b u t i o n (Braddick, 
1955) the p r o b a b i l i t y P^  of observing n p a r t i c l e s i f the 
actual r a t e i s R/unit time i s : -
P - ^ e-H 
Taking a sum from n*0 to n =«> to f i n d r , one, has:-
^ __ -R r = J> — . e 
—R 
1 - e by expansion of the series « —R. 
f o r e 
0 r R = l n ( l T r - ) . 
where I n s i g n i f i e s l o g to base 'e'. 
VI 
8 
0 
T3 4> \ 4) Q i i 4> 10 to 
4) 
CM CM CM 
r-l 
E a) 
n 8 
4) 
0 PQ 4! 
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I CM CM CM 4) 4) 03 
n 03 CO 63 s 
t-i 
4) in 
V} 4) 4) 4) 4) cd cd 
4) 4) 
3 
8 I CM CM •—WW* 
cd 
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Appendix A.7.1.1. 
Mean Range of P i o n s b e f o r e Decay as a f u n c t i o n of Momentum 
I f one l e t s the d i s t a n c e t r a v e l l e d by a p i o n of g i v e n 
momentum p be S cm., the mean v a l u e of S over a l a r g e 
number of such p i o n s w i l l be:-
o 
/ s dN 
" " S —^ ( i ) dN 
I t i s known from e l e m e n t a r y c o n s i d e r a t i o n s of p i o n decay 
t h a t the number d e c a y i n g i n any time dt i s g i v e n by:-
d N = - \ e - t A \ dt ( i i ) 
Now, t i n the p a r t i c l e ' s frame of r e f e r e n c e = ) f * * 0 i n 
the l a b o r a t o r y system. A l s o , i f the p i o n has a v e l o c i t y 
(p^Jtt w i l l c o ver S i n time ^ t Q hence S = ^ ^ Q ^ ^ ' 
S u b s t i t u t i n g f o r S and dN i n ( i ) and changing l i m i t s , one 
Ac* u o b t a i n s / „ . / 
( i i i ) 
I - _o e ' c . dt 
i r 
I n t e g r a t i n g the numerator of ( i i i ) by p a r t s and e v a l u a t i n g 
l i m i t s , one has 
S = pyc*. 
Repl a c i n g |2 by ( l - -Jrr-f) , i t f o i l ows t h a t : -
o 
S ( l - -J-p ) fr.Ctf. ( i v ) 
S u b s t i t u t i n g ^ = ^c/m^, and v a l u e s m^c - 0.1396 GeV/c, 
c - 2.998 x 1 0 1 0 c m / s e c , f =2.56 x 1 0 ~ 8 s e c , from 
B a r k a s e t a l , i n t o ( i v ) , one o b t a i n s : -
116. 
where i s measured i n GeV/c. 
Typical values of S and At (see equation 8 . 2 ( v i i i ) are:-
p, GeV/c S, cm _ p Mean range at 100 g.cm l a y e r , g.cm"^ 
0..14' 3.86xl0 2 5.36x10" 2 
1 5.46xl0 5 7.79X10" 1 
10 5.51xl0 4 7.86 
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Appendix A.7.1.2. 
V e r i f i c a t i o n of Owen and Wilson's Equation f o r Survival 
P r o b a b i l i t y 
Let the r e s t mass of the p a r t i c l e considered be yU. 
momentum u n i t s . 
Let t h e ^ l i f e t i m e of the p a r t i c l e considered be ^. 
mam M-fu-w 
Let the sea-level^of the p a r t i c l e considered be p 
and l e t i t s instantaneous momentum at any given height t 
be p' , aavariable. 
Let the momentum loss i n t r a v e r s i n g the whole atmos-
phere be p . 
o 
Lett time (measured i n the lab o r a t o r y system b e i T 
(distancej Lx 
Le t f tim< 
Jdista: 
e ] 
[•measured i n the p a r t i c l e ' s frame of \ T' 
reference be x* 
Let the Lorentz transformation f a c t o r be ^ ^ p ' / ^ f ? 
Let the density of the atmosphere at any given depth 
be ^ and i t s scale height be h Q 
Let the depth measured from the top of the atmosphere 
be t , sea-level being t . 
o 
By d e f i n i t i o n of mean l i f e t i m e one can show tha t the 
f r a c t i o n a l number of p a r t i c l e s decaying i n time dT' w i l l 
be 
dN/N= - dT'/f 
= -dT/y. l/n ( i ) 
a - d T / p ' . ^ / r ( i i ) 
118. 
Now, p'= p + p ( l - t'A ) See P i g . A.7.1.2. 
hence dN/N = - [dT ( i i i ) 
I f the p a r t i c l e t r a v e l s a d i s t a n c e dx i n c o r r e s p o n d i n g 
time dT, t h e n : -
dx = c.dT. 
But f o r the atmosphere -
f .x = t 
and dx = dt/j> 
or dT = dt/j>c ( i v ) 
For an i s o t h e r m a l atmosphere (e.g. Rossi 1952c) 
h Q = t/j> = HT ( c o n s t a n t ) 
or l / y = h Q / t 
hence from ( i v ) dT = h Q/c . d t / t ( v ) 
S u b s t i t u t i n g f o r dT i n ( i i i ) , one has 
dN AL . h 1 J X / J . 
IT ' - r" _o ' r -« . d t / t 
I n t e g r a t i n g over the l i m i t s N q (produced) t o N ( a r r i v i n g 
a t s e a - l e v e l ) and c o r r e s p o n d i n g values t t o t t o f i n d 
the s u r v i v a l p r o b a b i l i t y P, the r a t i o N/N , one f i n d s 
d t 
o 
This may be i n t e g r a t e d by s e p a r a t i o n i n t o p a r t i a l ' 
f r a c t i o n s . The r e s u l t i s : -
Monentin, Thickness 
P t 
(p+P 0) 
Homentun Loss 
0 A-
1 A f 
t 
Atmosphere 
<-6 
'.7^7777777777777^, 
> P. 
Sea Level 
FIG. A.7.1.2. Corresponding momenta and levels of auons 
traversing the Atmosphere (Used i n 
v e r i f i c a t i o n of Owen and Wilson's equation) 
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Appendix A . 7 . 1 . ? « 
The R e l a t i o n Between the Energy of a Pion and the Subse-
quent Mean Energy of i t s Decay Muon 
This f o l l o w s from accurate c o n s i d e r a t i o n s of the 
k i n e m a t i c s -ytfdecay g i v e n by A s c o l i , ( 1 9 5 0 ) , who 
s t a t e s the f o l l o w i n g : -
« - */^+*) K.) 
V -V V-hV PTT c o * Q 2 ( a ) 
2 
where U # > etc i s the t o t a l energy i n u n i t s of mQc and 
p etc i s the momentum i n u n i t s of m c. * •' o 
S u f f i x 'o' r e f e r s t o c e n t r e of mass system, and 0 
i s the angle between the t r a j e c t o r y of a p i o n and t h a t 
of i t s decay muon. 
The mean va l u e of i n (2a) i s g i v e n when Q i n the 
Centre of Mass system i . e . cos0=O. Denoting the 
mean value of ly. from a unique U^ - by M^,. , one has:-
S u b s t i t u t i n g f o r U from ( l a ) above, 
E 
•</ *y< 
2 i i i o 
or E^ = E^r I ny j 
2 m^r \ J . 
I f , f o l l o w i n g Pine e t a l , one w r i t e s : -
E.. « r.E^-
and r* B m^ /m^ , = 0 . 7 6 (assuming n y c = 1 0 5 . 7 GeV, 
"V3* • 1 3 9 . 6 GeV, a f t e r Barkas e t a l ) then 
121. 
or = 0.787 E-rr 
or E r r= 1.2706 
Hence r i n the e q u a t i o n 3 above i s e f f e c t i v e l y 0.787, as 
compared w i t h the v a l u e of 0.76 taken by Pine from s i m p l e r 
c o n s i d e r a t i o n s - the l a t t e r v a l u e i s shown to be J>.9f° i n 
e r r o r when ac c u r a t e k i n e m a t i c s are c o n s i d e r e d . 
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Appendix A.8.1.1. 
C o r r e c t i o n of P o s i t i v e - N e g a t i v e R a t i o f o r Proton Component 
Let the p o s i t i v e - n e g a t i v e r a t i o observed be <j 
f o r muons o n l y be d M 
f r a c t i o n of pro t o n s be f 
no. of a l l p o s i t i v e p a r t i c l e s be 
Then (j o = M+ 
I I I I 
p o s i t i v e muons be n 
pr o t o n s be n^ 
n e g a t i v e muons be n 
M-r 
M n 
NOW. f a ( n _ + n M - f - n p ) ) 
n ( 1 + n + / n ) . 
( i ) 
n or _B . f ( 1 + d ) ( i i ) 
S u b s t i t u t i n g ( i i ) i n t o ( i ) above, 
M <f - f (1 + 6) 0 0 
orCT H = d ( 1 - f ) - f . 
